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Abstract: As an al t er nat i ve t o us i ng a bi de l t a networ k t opol ogy for l ar ge Tr ans i t net -
wor ks , I cons i der t he r equi r ement s t o ext end t he bas e Tr ans i t networ k i nt o Lei s er s on's
Fat - Tr ee congur at i on. Tr ans i t wi l l be a hi gh- s peed, l ow- l at ency, f aul t - t ol er ant networ k
i nt er connect i on f or hi gh per f ormance mul t i - pr oces s or comput er s . The i ni t i al i nt er connect
s cheme pl anned f or Tr ans i t wi l l us e a bi de l t a s t yl e networ k t o s uppor t up t o 256 pr oces s or s .
Scal i ng beyond 256 pr oces s or s by s i mpl y ext endi ng t hat networ k t opol ogy wi l l r es ul t i n a
uni f ormdegr adat i on of networ k l at ency acr os s pr oces s or s . Af at - t r ee networ k s t r uct ur e wi l l
al l ow t he Tr ans i t networ k t o be s cal ed ar bi t r ar i l y whi l e t aki ng advant age of t he l ocal i t y
and uni ver s al i t y of f at - t r ees t o mi ni mi ze t he i mpact of s cal i ng upon networ k l at ency. I
cons i der t he t opol ogy and cons t r uct i on i s s ues f or i nt egr at i ng t he Tr ans i t r out i ng networ k
component and t echnol ogy i nt o a f at - t r ee congur at i on. I al s o char act er i ze t he r es ul t i ng
networ k' s s i ze , l ocal i t y, and per f ormance and compar e t hes e char act er i s t i cs wi t h t hos e of
bi de l t a networ ks .
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1. Introducti on
1. 1 Overvi ew
Tr ans i t [Kni ght 89] i s a hi gh- per f ormance networ k f or l ar ge s cal e MIMD comput er s .
Tr ans i t i s i nt ended t o pr ovi de t he under l yi ng networ k s uppor t f or a wi de r ange of par al l e l
pr oces s i ng par adi gms i nc l udi ng mes s age pas s i ng, s har ed memor y, and dat aow. Tr an-
s i t pr ovi des l ow- l at ency i nt er connect between pr oces s or s vi a an i ndi r ect c i r cui t swi t ched
networ k. The networ k i s cons t r uct ed as a bi de l t a mul t i - s t age s hue exchange networ k
[ Kr us kal 86] ut i l i z i ng 4  4 cr os s bar r out i ng e l ement s . The Tr ans i t bi de l t a networ k al l ows
connect i ons between s our ce and des t i nat i on t o be made t hr ough a f ew r out i ng s t ages f or
moder at e s i ze networ ks . I n or der t o pr ovi de f aul t - t ol er ance and i mpr ove networ k r out i ng
eci ency, r edundant pat hs ar e pr ovi ded t hr ough t he networ k. Rout i ng swi t ches ar e kept
s i mpl e , and t hus f as t , by i mpl ement i ng a s our ce r es pons i bl e connect i on pr ot ocol ; t hi s f r ees
t he i ndi vi dual r out i ng e l ement s f r omt he compl exi t y of col l i s i on avoi dance.
For moder at e s i zed networ ks ( i.e. 64 t o 256 pr oces s or s ) , t he bi de l t a networ k cons t r uc-
t i on keeps t he del ay uni f orml y smal l between al l pr oces s or s i n t he networ k. Addi t i onal l y,
us i ng t hr ee- di mens i onal wi r i ng s t r at egi es , t he s i ze and wi r e l engt h can be kept r eas onabl y
smal l . Thi s al l ows t he networ k t o be cons t r uct ed i n a s i ngl e phys i cal package wi t hi n cur r ent
t echnol ogy l i mi t at i ons .
Scal i ng t o l ar ger networ k s i zes by s i mpl y ext endi ng t hi s s t r at egy l eads t o a f ewdi cul -
t i es . Networ k del ays become uni f orml y l ar ge . The networ k i t s e l f becomes l ar ge enough t hat
i t mus t be di vi ded i nt o mul t i pl e par t s f or packagi ng. I n addi t i on, wi r e l engt hs gr ow s uch
t hat r educi ng t he c l ock r at e of t he s ys t em, due t o wi r e del ays , becomes a s er i ous concer n.
To avoi d t hi s uni f ormper f ormance degr adat i on, I pr opos e a s cheme f or cons t r uct i ng
l ar ger networ ks us i ng Lei s er s on' s vol ume- uni ver s al f at - t r ee networ k [ Lei s er s on 85] . I n t hi
manner , l ocal i t y can be expl oi t ed t o pr ovi de s hor t i nt er connect between cl os e l y s i t uat ed
pr oces s or s ; at t he s ame t i me, i nt er connect i on between mor e di s t ant pr oces s or s i s s t i l l pos s i
bl e wi t hout s i gni cant per f ormance r educt i on f r omt hat of t he bi de l t a networ k. The f at - t r ee
networ k al s o al l ows t he networ k t o be decompos ed i nt o cons t i t uent e l ement s f or packagi ng
i n a s t r ai ght f orwar d manner .
The ext ens i on t o a f at - t r ee networ k s cheme pr i mar i l y i mpact s i nt er connect i on t opol ogy
and r out i ng s chemes . I des cr i be how t he f at - t r ee r out i ng networ k can be r eal i zed ut i l i z i ng
t he exi s t i ng Tr ans i t r out i ng e l ement and packagi ng t echnol ogy. Thi s ext ens i on can be
i mpl ement ed wi t h mi nor r evi s i ons t o t he Tr ans i t r out i ng component .
I n t he r emai nder of t hi s chapt er , I br i ey r evi ew t he r e l evant pr oper t i es of Tr ans i t
( Sect i ons 1. 2 t hr ough 1. 5) and f at - t r ees ( Sect i on 1. 6) . I n Chapt er 2, I devel op s ome of t he
t opol ogy i s s ues f or bui l di ng t he f at - t r ee networ k s t r uct ur e . Chapt er 3 f ol l ows pr ovi di ng
concr et e pos s i bi l i t i es f or t he r eal i zat i on of t he f at - t r ee networ k. Chapt er 4 t hen pr oceeds t
quant i f y s ome of t he pr oper t i es of t he networ k and compar es i t wi t h Tr ans i t bi de l t a networ ks
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Fi gur e 1. 1: Networ k Pr oces s or I nt er f ace
of compar abl e s i ze . Fi nal l y, Chapt er 5 c l os es wi t h concl us i ons and f ut ur e di r ect i ons .
1. 2 Processor Network Interface Model
The devel opment pr ovi ded t hr oughout t hi s paper i s concer ned ent i r e l y wi t h t he con-
s t r uct i on of i nt er connect i on networ ks . I n or der f or t he networ k t o be us ef ul i n t he cont ext
of a l ar ge s cal e par al l e l comput er , i t mus t i nt er f ace coher ent l y wi t h i t s s et of pr oces s or s
The networ k pr oces s or i nt er f ace i s s hown i n Fi gur e 1. 1. Each networ k endpoi nt i s a pr o-
ces s or wi t h i t s own l ocal memor y and a cache- cont r ol l er f or mai nt ai ni ng i t s l ocal cache
and keepi ng t he cache coher ent wi t h t he r es t of t he networ k. Each pr oces s or has a pai r of
i nput s and a pai r of out put s t o t he networ k. Tr ans i t des i gn i nt ends t he cache- cont r ol l er t o
s er ve as t he pr oces s or ' s i nt er f ace t o t he networ k s o t hat t he pr oces s or need not expl i c i t l y
deal wi t h networ k i nt er act i ons ; however , t hi s i s a s epar at e ar chi t ect ur al i s s ue and need not
neces s ar i l y be t he cas e .
The networ k i nput and out put connect i ons ar e pai r ed f or f aul t t ol er ance and i mpr oved
r out i ng s ucces s pr obabi l i t i es . Faul t t ol er ance i s s ues ar e di s cus s ed f ur t her i n Sect i on 1.
The pr oces s or wi l l gener al l y onl y us e one of i t s two i nput s t o t he networ k, guar ant ee i ng
t hat t he networ k wi l l never be l oaded above 50%.
1. 3 Routi ng Component
Bas i c swi t chi ng i s pr ovi ded by t he r out i ng e l ement , RN1. Thi s i s a cus t omCMOS
r out i ng component des i gned t o pr ovi de s i mpl e hi gh s peed swi t chi ng. RN1 has e i ght ni ne- bi t
wi de i nput channel s and ei ght ni ne- bi t wi de out put channel s . Thi s pr ovi des byt e wi de dat a
t r ans f er wi t h t he ni nt h bi t s er vi ng as a s i gnal f or t he begi nni ng and end of t r ansmi s s i ons .
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Fi gur e 1. 2: RN1 Logi cal Congur at i ons
RN1 can be congur ed i n one of two ways as s hown i n Fi gur e 1. 2. RN1' s pr i mar y
congur at i on i s as a 44 cr os s bar r out er wi t h 2 equi val ent out put s i n each l ogi cal di r ect i on.
I n t hi s congur at i on, al l 8 i nput channel s ar e l ogi cal l y equi val ent . Al t er nat e l y, RN1 can be
congur ed as a pai r of 4  4 cr os s bar s , each wi t h 4 l ogi cal l y equi val ent i nput s and a s i ngl e
out put i n each l ogi cal di r ect i on.
Si mpl e r out i ng i s per f ormed by us i ng t he r s t two bi t s of a t r ansmi s s i on t o i ndi cat e t he
t he des i r ed out put des t i nat i on. I f an out put i n t he des i r ed di r ect i on i s avai l abl e , t he dat a
t r ansmi s s i on i s r out ed t o one s uch out put . Ot herwi s e , t he dat a i s i gnor ed. I n e i t her cas e ,
when t he t r ansmi s s i on compl et es , RN1 i nf orms t he s ender of t he connect i on s t at us s o t hat
t he s ender wi l l knowwhet her or not i t i s neces s ar y t o r et r y t he t r ansmi s s i on.
To al l owr api d r es pons es t o networ k r eques t s , RN1 al l ows connect i ons opened over t he
networ k t o be t ur ned ar ound; t hat i s , t he di r ect i on of t he connect i on can be r ever s ed
al l owi ng dat a t o owback f r omt he des t i nat i on t o t he s our ce pr oces s or . The abi l i t y t o t ur n
a networ k connect i on ar ound al l ows a pr oces s or r eques t i ng dat a t o get i t s r es pons e qui ckl y
wi t hout r equi r i ng t he pr oces s or i t i s communi cat i ng wi t h t o open a s epar at e connect i on
t hr ough t he networ k.
Si nce RN1 al ways l ooks at t he mos t s i gni cant two bi t s of t he r s t byt e of a t r ansmi s s i on
t o det ermi ne swi t chi ng di r ect i on, i t i s neces s ar y f or t he bi t s wi t hi n t hi s byt e t o be r ot at ed
between networ k s t ages . Thi s r ot at i on guar ant ees each networ k s t age a f r es h s et of bi t s
f r om t he r out i ng byt e . The r ot at i on pr oper t y mus t be pr ovi ded by t he networ k wi r i ng
s cheme i n whi ch RN1 i s us ed.
When congur ed as a 4  4 cr os s bar wi t h two out put s i n each l ogi cal di r ect i on, RN1
pr ovi des r edundant pat hs t hr ough t he networ k s i nce i t pr ovi des mul t i pl e out put s i n each
l ogi cal di r ect i on. Thi s s er ves t o i ncr eas e bot h f aul t t ol er ance and t he pr obabi l i t y of r out i n
s ucces s . When bot h l ogi cal l y equi val ent out put s ar e avai l abl e , RN1 r andoml y s e l ect s one of
t he two f or us e . I n t hi s manner , networ ks bui l t f r omRN1 wi l l have a l eve l of f aul t t ol er ance
i n t hat mul t i pl e at t empt s t o s end a t r ansmi s s i on t hr ough t he networ k wi l l mos t l i ke l y t ake
s epar at e pat hs t hr ough t he networ k. The r andoms el ect i on of t he pr ef er r ed out put por t
i n each di r ect i on gi ves t r ansmi s s i ons a good chance of avoi di ng any f aul t y component ( s )
ent i r e l y i n s ucces s i ve connect i on at t empt s .
The al t er nat i ve congur at i on f or RN1 as a pai r of 44 cr os s bar s i s pr ovi ded f or f ur t her
f aul t t ol er ance . As Sect i on 1. 2 des cr i bed, t her e ar e two out put s f r om t he networ k f or
each pr oces s or . Us i ng onl y t he s t andar d RN1 congur at i on, t hes e two out put s woul d
have t o come f r oma s i ngl e r out i ng component maki ng t hat r out i ng component cr i t i cal t o
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Fi gur e 1. 3: RN1 Package (Di agr amcour t es y of Fr ed Dr enckhahn)
t he pr oper f unct i oni ng of t he networ k [ Lei ght on 89- 2] . Wi t h t hi s al t er nat e congur at i on,
t he two out put s f r om t he networ k f or each pr oces s or can come f r om two di er ent RN1
component s s o nei t her component i s cr i t i cal . Sect i on 1. 5 expl ai ns t hi s f aul t t ol er ance i s s u
i n t he cont ext of t he Tr ans i t bi de l t a networ ks .
The Tr ans i t r out i ng component i s des cr i bed f ur t her i n [ Kni ght 89] and [ Mi ns ky 90] .
1. 3. 1 Physi cal Descri pti on
RN1 wi l l be packaged as a pad gr i d ar r ay wi t h al l s i gnal s appear i ng on pads on bot h
s i des of t he package. Fi gur e 1. 3 s hows a t op and s i de vi ew of t he RN1 package. At ot al of
76 per i pher y pads wi l l pr ovi de t hr ough r out i ng condui t s f or s i gnal s . Hol es i n t he package
ar e pr ovi ded f or packagi ng al i gnment and cool ant ow. Si nce RN1 i s des i gned t o dr i ve
144 s i gnal pi ns s i mul t aneous l y at 100MHz, pr ovi s i ons f or l i qui d cool i ng ar e es s ent i al . The
t ar get phys i cal s t at i s t i cs f or RN1 ar e s ummar i zed i n Tabl e 1. 1.
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Cl ock Rat e 100MHz
Si ze 1:4
00
 1:4
00
 0:11
00
Si gnal Pi ns 150+
Thr ough Rout i ng Pi ns 76
Tot al Cont act s /Si de on RN1 package 372
Tabl e 1. 1: RN1 Phys i cal St at i s t i cs
1. 3. 2 Routi ng to more than 256 desti nati ons
Us i ng t he r s t byt e t o s pec i f y r out i ng des t i nat i ons as des cr i bed above becomes l i mi t -
i ng when at t empt i ng t o addr es s a l ar ge number of des t i nat i ons . A s i ngl e byt e can onl y
di s t i ngui s h 256 di s t i nct des t i nat i ons .
To addr es s t hi s pot ent i al pr obl em, RN1 has a pr ovi s i on f or dr oppi ng t he l eadi ng byt e
of a s t r eamof dat a bef or e l ooki ng at i t . I t t hen us es t he r emai nder of t he s t r eamas i f t he
r s t byt e never exi s t ed. Thus , RN1 s t ar t s us i ng t he newr out i ng byt e , whi ch was or i gi nal l y
t he s econd byt e i n t he mes s age, at t he s t age wher e t he r s t was dr opped. By pr oper l y
des i gnat i ng t he s t ages i n t he networ k at whi ch component s s houl d dr op, or swallow, t he
r s t byt e i n t hi s manner , we can s pec i f y ar bi t r ar i l y many di s t i nct des t i nat i ons .
Thi s swallowproperty of a networ k r out i ng s t age i s a s t at i c pr oper t y. I n t he s i mpl y cas e
of bi de l t a networ ks , t he swal l ow pr oper t y can be s et on a per chi p bas i s , s i nce al l i nput s
t o a networ k s t age wi l l need f r es h r out i ng byt es at t he s ame t i me. For f ul l gener al i t y i n
t he networ ks cons i der ed her e , i t i s beneci al t o be abl e t o congur e t hi s pr oper t y on a per
i nput bas i s . Thi s al l ows a s i ngl e r out i ng component t o have i nput s t hat connect t o pat hs
of var yi ng l engt hs .
1. 4 Constructi on Technol ogy
The bas i c uni t of networ k packagi ng f or Tr ans i t i s t he stack. A s t ack i s a t hr ee-
di mens i onal i nt er connect s t r uct ur e cons t r uct ed by s andwi chi ng l ayer s of RN1 r out i ng com-
ponent s between hor i zont al pc- boar d l ayer s . The pc- boar ds per f ormi nt er - s t age wi r i ng and
t he bi t r ot at i ons des cr i bed i n t he pr evi ous s ect i on whi l e t he r out i ng s t ages pr ovi de swi t ch-
i ng. Fi gur e 1. 4 s hows a par t i al cr os s - s ect i on of a s t ack. The domi nant di r ect i on of s i gnal
ow i s ver t i cal as connect i ons ar e made ver t i cal l y t hr ough t he s t ack. At each hor i zon-
t al r out i ng l ayer , each pat h t hr ough t he networ k wi l l make a connect i on t hr ough a s i ngl e
r out i ng component . Between r out i ng l ayer s , t he connect i on i s r out ed hor i zont al l y t o t he
appr opr i at e r out i ng component i n t he next l ayer .
When t he t r ansmi s s i on r eaches t he t op of t he r out i ng s t ack i t i s br ought s t r ai ght down,
back t hr ough t he s t ack, t o connect t o t he des t i nat i on pr oces s or s . Thi s i s neces s ar y becaus e
t he s et of s our ce and des t i nat i on pr oces s or s wi l l normal l y be t he s ame. Al l r out i ng t hr ough
t he l ayer s of r out i ng component s i s pr ovi ded by t he t hr ough r out i ng pi ns on t he RN1
package as des cr i bed i n t he pr evi ous s ect i on.
5
    
  
 
  
spacer
Aluminum plate
Aluminum plate
window frame
heatsink
Bus Bar
debug connector
manifold
manifold
(1v, 5v, gnd)
cover
vertical clock driver
horizontal clock driver
sma
horizontal board
horizontal board
horizontal board
horizontal board
button
board
     RN1  Component
Fi gur e 1. 4: Cr os s - Sect i on of Bi del t a Rout i ng St ack (Di agr amcour t es y of Fr ed Dr enckhahn)
Cont act i s made between t he r out i ng component s and t he hor i zont al pc- boar ds t hr ough
but t on boar d car r i er s . Thes e car r i er s ar e t hi n boar ds , r oughl y t he s ame s i ze as t he r out i ng
chi p, wi t h but t on bal l s [ Smol l ey 85] al i gned t o each pad on t he r out i ng chi p. Thes e but t on
bal l s ar e 25 mi cr on s pun wi r e compr es s ed i nt o 20 mi l di amet er by 40 mi l hi gh hol es i n t he
but t on boar d connect or . They pr ovi de mul t i pl e poi nt s of cont act between each r out i ng
component and hor i zont al boar d when t he s t ack i s compr es s ed t oget her ; i n t hi s manner
t hey eect good el ect r i cal cont act wi t hout t he need f or s ol der . Thi s al l ows eas e of packagi ng
cons t r uct i on and component r epl acement .
Channel s ar e pr ovi ded bot h i n t he s t ack and t hr ough each r out i ng component f or l i qui d
cool i ng. FCC- 77 Fl uor i ner t wi l l be pumped t hr ough t hes e channel s t o pr ovi de eci ent heat
r emoval dur i ng oper at i on.
At t he t ar get ed cl ock r at e of 100MHz f or networ k oper at i on, wi r e del ay cons umes a
s i gni cant por t i on of t he c l ock cycl e . Thus , t he phys i cal s i ze of t he hor i zont al r out i ng
6
boar ds i s an i mpor t ant cons i der at i on f or networ k per f ormance. Addi t i onal l y, wi t h cur r ent
t echnol ogy f or f abr i cat i ng pc- boar ds , i t i s not pos s i bl e f abr i cat e pc- boar ds any l ar ger t ha
2
0
 2
0
wi t h r e l i abl e yi e l d.
Us i ng 12 l ayer pc- boar ds f or t he hor i zont al r out i ng, a s t ack i s expect ed t o have a s i de
l engt h of r oughl y: 2  ( chi p s i de l engt h)  ( number of chi ps acr os s s i de) . Each l ayer , i n-
c l udi ng pc boar ds , r out i ng component s , and connect or s , wi l l be 0:25
00
t al l . The hei ght of a
s t ack wi l l be r oughl y: 0:25
00
 ( number of r out i ng l ayer s ) .
Amor e det ai l ed des cr i pt i on of Tr ans i t packagi ng t echnol ogy i s gi ven i n [ Kni ght 89] .
1. 5 Faul t Tol erance i n Bi del ta Routi ng Stacks
The networ k i nt er f ace model des cr i bed i n Sect i on 1. 2 al ong wi t h t he pr oper t i es des i gned
i nt o RN1 al l owa r eas onabl e l eve l of f aul t t ol er ance t o be bui l t i nt o Tr ans i t bi de l t a networ ks .
Two i nput s ar e pr ovi ded f r omt he pr oces s or or cache- cont r ol l er t o t he networ k. The
pr oces s or i s expect ed t o ut i l i ze onl y one of t hes e two i nput s at a gi ven poi nt of t i me. Leavi ng
t he s econd i nput unus ed guar ant ees t hat t he networ k wi l l never be conges t ed above t he 50%
l evel ( Sect i on 1. 2) . Al l owi ng t he pr oces s or t o chos e whi ch of t he two i nput s t o t he networ k
t o act ual l y us e at t he begi nni ng of each networ k t r ans act i on, pr event s a s i ngl e l i nk between
t he pr oces s or and networ k f r ombei ng cr i t i cal t o t he pr oces s or ' s abi l i t y t o communi cat e
over t he networ k. When two i nput s ar e pr ovi ded t o t he networ k t hr ough s epar at e r out i ng
component s , we guar ant ee t hat no s i ngl e component f ai l ur e wi l l i s ol at e a s et of pr oces s or s
f r omt he networ k.
Wi t hi n t he networ k, t he s t andar d RN1 congur at i on pr ovi des mul t i pl e out put s i n each
l ogi cal di r ect i on. Thi s al l ows t he number of di er ent pat hs t hr ough t he networ k t o expand.
No s i ngl e r out i ng component i n t he i nt er i or of t he bi de l t a networ k i s cr i t i cal s i nce t her e
i s a compl et e pat h f r omeach s our ce t o each des t i nat i on whi ch avoi ds any gi ven r out i ng
component .
The nal r out i ng s t age of t he bi de l t a networ k i s cons t r uct ed wi t h t he RN1 r out i ng
component s congur ed i n t he al t er nat i ve manner i n whi ch RN1 act s as a pai r of s i ngl e
out put 4  4 cr os s bar s . I n t hi s way, t he nal swi t chi ng s t age f or t he pai r of out put s
des t i ned t o t he s ame pr oces s or can be di s t r i but ed acr os s two di er ent r out i ng component s .
Si nce any connect i on t o a gi ven pr oces s or coul d be r out ed t hr ough ei t her out put , and hence
e i t her of t he two r out i ng component s i n t hi s nal s t age , ne i t her of t he r out i ng component s
i s cr i t i cal .
Amor e det ai l ed des cr i pt i on of t hi s s cheme f or achi evi ng f aul t t ol er ance i n mul t i s t age
networ ks i s gi ven i n [ DeHon 90] .
1. 6 Fat-Trees
Fat - Tr ees ar e uni ver s al r out i ng networ ks f or i nt er connect i ng pr oces s or s i n a mul t i pr o-
ces s or envi r onment [ Lei s er s on 85] . Fat - Tr ees i nt er connect pr oces s or s us i ng a compl et e t r ee
s t r uct ur e . The pr oces s or s ar e l ocat ed at t he l eaves of t he t r ee whi l e t he t r ee ' s i nt er nal node
compos e t he i nt er connect i on networ k. Fat - Tr ees par amet er i ze t he bandwi dt h between i n-
t er nal nodes accor di ng t o t hei r di s t ance f r omt he r oot node. I n gener al , nodes c l os er t o
7
Fi gur e 1. 5: Ar ea- Uni ver s al Fat - Tr ee wi t h Cons t ant Si ze Swi t ches (Gr eenber g and Lei s er s on)
t he r oot have gr eat er bandwi dt h t o accommodat e addi t i onal mes s age t r ac. Connect i ons
between pr oces s or s wi t hi n a s ub- t r ee can be made wi t hout cons umi ng bandwi dt h hi gher
i n t he t r ee . Thi s al l ows l ocal i t y t o be expl oi t ed whi l e r es er vi ng cr i t i cal \l ong di s t ance
bandwi dt h f or connect i ons between wi del y s epar at ed pr oces s or s . A f at - t r ee achi eves t hes e
pr oper t i es wi t h onl y a l i near i ncr eas e i n t he number of r out i ng s t ages t hat mus t be t r aver s ed
i n t he wor s t cas e over a compar abl y s i zed bi de l t a networ k.
Fat - Tr ees ar e of par t i cul ar i nt er es t becaus e t hey can be ar ea- or vol ume- uni ver s al when
t he bandwi dt h gr owt h t owar d t he r oot i s s e l ect ed pr oper l y. A f at - t r ee i s vol ume- uni ver s al
i f i t can s i mul at e any ot her networ k cons t r uct ed f r omt he s ame amount of har dwar e wi t h at
mos t a pol yl ogar i t hmi c s l owdown. Thi s pr oper t y guar ant ees t hat t he har dwar e dedi cat ed
t o cons t r uct i ng t he r out i ng networ k can be ut i l i zed eci ent l y.
I n [ Gr eenber g 85] Gr eenber g and Lei s er s on pr opos e t he ar ea- uni ver s al f at - t r ee s hown
i n Fi gur e 1. 5. The f at - t r ee s hown demons t r at es a bas i c cons t r uct i on s t r uct ur e f or f at -
t r ees us i ng cons t ant s i ze swi t chi ng el ement s . The i nt er nal node capaci t y doubl es on each
s ucces s i ve l eve l t owar d t he r oot . Thi s aver age capaci t y gr owt h i s s uci ent t o guar ant ee
ar ea- uni ver s al i t y f or a quat er nar y f at - t r ee .
Fat - Tr ee networ ks wer e devel oped by Char l es Lei s er s on. He pr ovi des a det ai l ed de-
s cr i pt i on i n [ Lei s er s on 85] as wel l as pr oof s f or t he uni ver s al i t y pr oper t i es of f at - t r ees .
[ Gr eenber g 85] , Le i s er s on and Gr eenber g expand t he gener al i t y of f at - t r ees by pr ovi ng t hat
t he uni ver s al i ty pr oper t i es hol d f or on- l i ne r out i ng al gor i t hms .
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2. Basi c Congurati on
2. 1 Hybri d Fat-Tree Approach
The f at - t r ee networ k s t r uct ur e wi l l be us ed t o i nt er connect smal l Tr ans i t bi de l t a r out i ng
networ ks . That i s , t he l eaf nodes of t he f at - t r ee wi l l t hems el ves be bi de l t a networ ks r at her
t han i ndi vi dual pr oces s or s . Thi s al l ows a moder at e number of pr oces s or s t o be c l us t er ed
t oget her and s har e uni f orml y s hor t i nt er connect i on pat hs amongs t t hems el ves . Al l t hes e
bi de l t a c l us t er s ar e t hen i nt er connect ed t hr ough t he f at - t r ee networ k al l owi ng l ocal i t y t o
be expl oi t ed between adj acent c l us t er s whi l e maki ng i t pos s i bl e f or any pai r of pr oces s or t o
communi cat e i n a moder at e l y eci ent manner .
The t ermi nal c l us t er s ar e bui l t i n s t acks much l i ke t he s t andar d Tr ans i t bi de l t a net -
wor k s t acks . The onl y di er ence i s t hat a bi de l t a c l us t er s t ack mus t have s ome bandwi dt h
between i t s e l f and t he f at - t r ee networ k r at her t han dedi cat i ng al l bandwi dt h i n and out
of t he s t ack t o pr oces s or s . Thi s can be done i n a s t r ai ght f orwar d manner as s hown di a-
gr ammat i cal l y i n Fi gur e 2. 1. The pr oces s or s connect t o t he bi de l t a networ k, but i ns t ead of
cons umi ng al l of t he bandwi dt h i nt o t he r s t s t age of t he bi de l t a networ k, t hey cons ume
onl y t hr ee- f our t h of t he bandwi dt h. The r s t r out i ng s t age r out es i n f our l ogi cal di r ect i ons
as bef or e . However , onl y t hr ee of t hes e di r ect i ons r out e t o f ur t her swi t chi ng s t ages i n t he
bi de l t a c l us t er . One of t he l ogi cal des t i nat i ons out of t he r s t r out i ng s t age connect s di r ect
t o t he f at - t r ee networ k. Thus , t he r emai ni ng r out i ng s t ages wi l l onl y be t hr ee- quar t er s t he
s i ze of t he r s t r out i ng s t age s i nce one- quar t er of t he i nt er connect bandwi dt h l eaves t he
s t ack af t er t he r s t r out i ng s t age .
m/3
From Fat-Tree Network
m
Routing
Cluster
Local
first routing stage
m/3
m
To Fat-Tree Network
Processors Local to Cluster
Fi gur e 2. 1: Bi de l t a Cl us t er at Leaves of Fat - Tr ee
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2. 1. 1 Al l ocati on of Bandwi dth to and f romFat-Tree
I n t he manner des cr i bed, t he f at - t r ee networ k cons umes one- quar t er of t he t ot al band-
wi dt h i nt o and out of t he bi de l t a r out i ng s t ack. Cl ear l y, t he one- quar t er of t he bandwi dt h
f r omt he r s t s t age of r out i ng t o t he f at - t r ee networ k mus t come f r omal l t he r out i ng com-
ponent s i n t he r s t s t age . Nai ve l y, i t woul d be pos s i bl e t o connect t he bandwi dt h back f r om
t he f at - t r ee networ k t o t he bi de l t a c l us t er t o any of t he i nput s of t he r s t s t age r out i ng
component s as al l t hes e i nput s ar e l ogi cal l y equi val ent ; however , i t t ur ns out t hat many
pos s i bl e congur at i ons pr ove not t o be opt i mal .
One ext r eme woul d be t o connect al l t he i nput t o t he bi de l t a c l us t er f r omt he f at - t r ee
networ k t o al l of t he i nput s of one- quar t er of t he r out i ng e l ement s i n t he r s t s t age . Thi s
woul d be non- opt i mal i n t erms of f aul t - t ol er ance becaus e an unf or t unat e l y pl aced s i ngl e
chi p f ai l ur e i n t hi s r s t r out i ng s t age coul d e l i mi nat e 8 of t he i nput s f r om t he f at - t r ee
networ k. I n t erms of r out i ng, t hi s woul d be was t ef ul of bandwi dt h t o t he f at - t r ee networ k.
The out put s f r omt he r s t r out i ng s t age t o t he f at - t r ee networ k t hat come f r omt he s et of
r out i ng component s wi t h al l t he i r i nput s or i gi nat i on f r omt he f at - t r ee networ k woul d be
unus ed. Thi s r es ul t s becaus e t her e i s no r eas on t o r out e a connect i on t hr ough a l eaf node.
Cl ear l y, t hi s ext r eme i s undes i r abl e .
The al t er nat e ext r eme i s t o di s t r i but e t he bandwi dt h f r omt he f at - t r ee networ k t o t he
c l us t er over al l t he r out i ng component s i n t he r s t r out i ng s t age . I n t hi s s cheme, each
r out i ng chi p i n t he r s t s t age has 2 of i t s 8 i nput s connect ed t o t he f at - t r ee networ k. A
s i ngl e chi p f ai l ur e wi l l al ways r educe t he bandwi dt h f r omt he f at - t r ee networ k t o t he bi de l t a
c l us t er by two. Thr ough each r out i ng component at mos t s i x of t he i nput s wi l l need t o
be swi t ched i n t he di r ect i on of t he f at - t r ee networ k. Gi ven even connect i on f r equency
di s t r i but i ons acr os s al l pr oces s or s of r eques t s r equi r i ng t he f at - t r ee networ k, each pai r
out put s t o t he f at - t r ee wi l l be equal l y l oaded.
A br i e f cons i der at i on of al t er nat i ves between t hes e two ext r emes makes i t c l ear t hat
t he l at er ext r eme i s t he mos t equi t abl e di s t r i but i on. Any congur at i on between t hes e
two ext r emes woul d make i t mor e l i ke l y f or s ome pr oces s or s t o be abl e t o make a non-
l ocal connect i on t han ot her s . Si mi l ar l y, any s cheme ot her t han t he l at er ext r eme woul d
neces s ar i l y l os e mor e bandwi dt h due t o a wor s t - cas e s i ngl e chi p f ai l ur e . Thus , t he mos t
equi t abl e congur at i on i s t he one i n whi ch al l t he bandwi dt h between t he f at - t r ee networ k
and t he bi de l t a c l us t er i s evenl y di s t r i but ed over al l t he r out i ng component s compos i ng t he
r s t s t age of r out i ng i n t he bi de l t a c l us t er .
2. 1. 2 Faul t Tol erance
The bi del t a l eaf c l us t er i s congur ed f or f aul t t ol er ance i n t he s ame manner as Tr ans i t
bi de l t a networ ks ( Sect i on 1. 5) . The pai r of i nput s f r om each pr oces s or s s houl d be di s -
t r i but ed t o di er ent r out i ng component s . Al l but t he nal s t age of r out i ng i s pr ovi ded by
RN1 component s i n t he s t andar d 4 cr os s bar congur at i on wi t h 2 out put s i n each l ogi cal
di r ect i on. The nal out put s t age i s cons t r uct ed wi t h t he RN1 component s congur ed i n
t he al t er nat e manner s uch t hat each pr oces s or r ece i ves i t s pai r of networ k out put s f r om
two di s t i nct r out i ng component s .
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Fi gur e 2. 2: Logi cal Topol ogy of Quat er nar y Tr ee
2. 2 Fat-Tree Topol ogy
2. 2. 1 Quaternary Tree
The appr opr i at e f at - t r ee t o cons t r uct us i ng RN1 i s l ogi cal l y a quat er nar y f at - t r ee ( Fi g-
ur e 2. 2) as oppos ed t o t he bi nar y f at - t r ees pr eval ent i n t he l i t er at ur e . Thi s i s t he nat ur al
s e l ect i on s i nce our r out i ng component i s a 44 cr os s bar swi t ch. Us i ng l es s t han f our di r ec-
t i ons woul d r equi r e over s pec i f yi ng ever y r out i ng pat h t hr ough t he networ k s i nce two l ogi cal
out put por t s f r oma r out i ng chi p woul d act ual l y be goi ng i n t he s ame l ogi cal di r ect i on.
Si mi l ar l y, cons t r uct i ng a t r ee wi t h a br anchi ng f act or gr eat er t han f our woul d r equi r e mul -
t i pl e s t ages of r out i ng component s t o cons t r uct each vi r t ual r out i ng s t age . The quat er nar y
t r ee , of cour s e , has f ewer l eve l s of r out i ng f or a gi ven networ k s i ze t han a compar abl e bi nar y
t r ee .
2. 2. 2 Separate Up and Down Trees
The l ogi cal s t r uct ur e of a f at - t r ee as des cr i bed i n [ Lei s er s on 85] , [ Gr eenber g 85] , and
el s ewher e i nt egr at es up and down r out i ng i nt o a s i ngl e t r ee . For cons t r uct i on pur pos es bas ed
on t he Tr ans i t r out i ng component s and t echnol ogy, i t i s pr e f er abl e t o act ual l y cons t r uct
t hi s l ogi cal s t r uct ur e wi t h t he up and down r out i ng t r ees s epar at ed. Lat er al connect i ons
ar e pr ovi ded between t he two r out i ng t r ees at ever y l eve l t o al l owconnect i ons t o cr os s - over
f r omt he up r out i ng t o t he down r out i ng t r ee as s oon as appr opr i at e .
2. 2. 3 Structure
Thr e f at - t r ee s t r uct ur e wi l l be cons t r uct ed i n t hr ee- di mens i onal s pace . As epar at e pl ane
i s al l ocat ed f or each t r ee l eve l . One way t o vi ewt hi s , i s t o t ake t he l ogi cal s t r uct ur e s hown
i n Fi gur es 2. 2 and r ai s e each i nt er nal t r ee node up t o a pl ane equi val ent t o i t s he i ght i n t he
t r ee . Fi gur e 2. 3 s hows t hi s t hr ee- di mens i onal mappi ng of t he t r ee s t r uct ur e .
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Fi gur e 2. 3: Thr ee- Di mens i onal Vi ew of Tr ee St r uct ur e
2. 2. 4 Upward Routi ng
RN1 i s a cr os s bar swi t chi ng el ement . Si nce RN1 has mul t i pl e out put s i n each l ogi cal
di r ect i on, i t does s ome amount of concent r at i on. I t s pr i mar y s t r engt h, t hough, i s i n r out i ng.
We can t ake advant age of t hi s by r out i ng i n t he up t r ee as wel l as t he down t r ee . Rat her
t han act ual l y goi ng t hr ough ever y l ogi cal t r ee l eve l on t he j our ney up t he t r ee t o t he des i r ed
hei ght , s ome r out i ng i s done t o al l ow t he up r out i ng pat h t o s hor t - cut ar ound s ome t r ee
s t ages . Wi t h t hi s s hor t - cut t i ng, we don' t need an up r out i ng s t age f or ever y l eve l of t he t r ee .
Us i ng RN1 whi ch di s t i ngui s hes f our r out i ng di r ect i ons , each up r out i ng s t age can r out e a
connect i on t o one of t he next t hr ee l at er al cr os s over s i n t he t r ee or t o t he next up r out i ng
s t age i n t he t r ee . The next up r out i ng s t age wi l l per f orms i mi l ar l y. I n t hi s manner , one up
r out i ng s t age i s needed f or ever y t hr ee l eve l s of t he t r ee . Fi gur e 2. 4 s hows a cr os s - s ect i ona
vi ew of an upwar d r out er and i t s l ogi cal connect i ons t o component s i n t he up and down
r out i ng t r ees . Thi s cr os s - s ect i on s pans t hr ee l ogi cal t r ee l eve l s whi ch ar e r eal i zed as on
phys i cal up r out i ng s t age and t hr ee phys i cal down r out i ng s t ages ; t he cr os s - s ect i on s hows
onl y a s i ngl e component at each up and down r out i ng s t age .
Ut i l i z i ng t he r out i ng capabi l i t y of RN1 i n t hi s manner , r out i ng up t he f at - t r ee i s accom-
pl i s hed i n at mos t
log
4
N
3
s t ages as oppos ed t o t he l og
4
Nt hat woul d be r equi r ed i f no r out i ng
wer e per f ormed i n t he up t r ee . At t he s ame t i me, RN1 s t i l l per f orms s ome concent r at i on
at each upwar d r out i ng s t age but not f ul l concent r at i on.
1
That i s , at each s t age i n t he up
r out i ng t r ee , al l i nput s des t i ned f or t he s ame par ent node cannot end up on any wi r e i n
1
Leiserson didpoint out that i f the routing component were modied sl ightly to al lowa specicationof
\route to height x" in the fat-tree in addition to \route indirection y" it wouldbe possible to speci fy large
heights in the fat-tree with only a smal l number of bits and oer more freedomin terms of concentration
and bandwidthal location [Leiserson 89].
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(to other down routers as appropriate)
(from upstream down router)
(to other down routers as appropriate)
(to other down routers as appropriate)
(to next up router)
(from previous up  router or bidelta cluster)
up router down router
down router
down router
Fi gur e 2. 4: Cr os s - Sect i on Vi ew of Up and Down Rout i ng Tr ees
t he up t he t r ee connect ed t o t hat par ent node. Each up r out i ng s t age al l ows a gi ven i nput
wi r e t o be connect ed t o any of two wi r es i n each l ogi cal di r ect i on when wi r ed pr oper l y; a
concent r at i on of two i s eect i ve l y achi eved at each upwar d r out i ng s t age . The bes t known
means of achi evi ng f ul l concent r at i on at each s t age wi l l cos t O( l ogN) t i me and har dwar e
[ Aj t ai 83] [ Cormen 86] wher eas RN1 per f orms i t s l i mi t ed concent r at i on i n cons t ant t i me
and har dwar e . I n t hi s manner , t he concent r at i on i n t hi s f at - t r ee congur at i on i s much l i ke
t he f at - t r ee wi t h cons t ant s i ze swi t ches of Lei s er s on and Gr eenber g [ Gr eenber g 85] s hown i n
Fi gur e 1. 5. The number of s i gnal s i nt o each l eve l up t he f at - t r ee does gr owbecaus e f an- i n
occur s f r ommor e and mor e s t ages .
Fi gur e 2. 5 s hows what t he up t r ee connect i ons l ook l i ke i n t hr ee di mens i ons . The r out i ng
component s ar e at t he bas e . The connect i ons t o f ur t her up r out i ng s t ages ar e s hown s t r ai ght
up f r omeach r out i ng component . Fi gur e 2. 6 s hows hor i zont al cr os s - s ect i ons of Fi gur e 2. 5
t o make t he conver gence and r out i ng c l ear . Layer 0 i s t he l ayer of r out i ng component s .
Layer s 1 t hr ough 3 s howwher e t he l ogi cal connect i ons f r omeach r out i ng component f an- i n
t o t he l at er al connect i on of t he next t hr ee cr os s over s t ages . The f our t h l ogi cal connect i on
out of t he r out i ng component s , of cour s e , connect s di r ect l y upwar d t o t he next up r out i ng
s t age .
Qui ck Routi ng f or Very Large Systems
I t i s act ual l y pos s i bl e t o do bet t er t han t he
l og
4
N
3
s t ages of up r out i ng j us t des cr i bed.
By us i ng a s er i es of r out i ng s t ages t o swi t ch a connect i on t o t he maxi mumhei ght up t he
t r ee t o whi ch i t needs t o be r out ed, t he connect i on t o t he appr opr i at e l at er al cr os s over
between t he up and down r out i ng t r ee can be made i n l og
4
of number of l eve l s i n t r ee .
Si nce t her e ar e l og
4
(N) l eve l s i n t he t r ee , t hi s means onl y l og
4
l og
4
(N) s t ages ar e needed
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Fi gur e 2. 5: Thr ee- Di mens i onal Vi ew of Connect i ons f r omOne Up Rout i ng St age
t o per f ormupwar d r out i ng.
2
I n es s ence , t hi s r out i ng s cheme bui l ds a bi de l t a networ k f r om
t he pr oces s or s t o t he var i ous t r ee l eve l s . Fi gur e 2. 7 depi ct s howan bi del t a networ k can be
us ed t o r each any hei ght i n a t r ee of dept h 16 i n onl y 2 s t ages of r out i ng.
However , t hi s up r out i ng s cheme i s onl y of i nt er es t when t he f at - t r ee has a l ar ge number
of t r ee s t ages . I n es s ence , we ar e al r eady get t i ng t he benet f r omt hi s s cheme achi evabl e
when t he s i ze i s on t he or der of 4 l eve l s . The poi nt wher e i t act ual l y becomes i nt er es t i ng
t o us e t hi s s cheme occur s when t he number of l eve l s i s r oughl y 4  4 =16. I n our s cheme
however , 16 t r ee l eve l s i mpl i es a networ k s uppor t i ng 4
16
b del t a c l us t er s each wi t h 48 t o
192 pr oces s or s . Thus even i n t he t he smal l es t cas e we wi l l have 3  4
18
or about 200
bi l l i on pr oces s or s . The capaci t y anal ys i s and geomet r y r equi r ement s f or t hi s cas e ar e not
cons i der ed her e s i nce t hi s i s c l ear l y not a s cheme of cur r ent pr act i cal i nt er es t .
2. 2. 5 Down Routi ng
The down r out i ng pat h i s s i mpl y t he s t r ai ght - f orwar d t r ee s t r uct ur e . Each down r out i ng
s t age swi t ches i n f our l ogi cal di r ect i ons among i t s f our s ub- t r ees . The l ogi cal down r out i ng
pat h l ooks j us t l i ke t he l ogi cal t r ee s t r uct ur e s hown i n Fi gur e 2. 3. Mos t of t he i nput s t o a
down r out i ng s t age come f r omi t s par ent i n t he f at - t r ee . The r es t of t he i nput s come f r om
t he l at er al cr os s - over f r omt he up r out i ng t r ee as des cr i bed i n t he pr evi ous s ect i on.
2. 2. 6 Desi red Capaci ty Growth Rate
One of t he ni ce pr oper t i es whi ch f at - t r ees can have i s vol ume- uni ver s al i t y. Thi s pr op-
er t y es s ent i al l y s t at es t hat a f at - t r ee f at - t r ee can eci ent l y s i mul at e any ot her networ k of
2
N.B. It wi l l always take this many stages regardless of the height routed by suchan up routing tree.
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Fi gur e 2. 6: Hor i zont al Cr os s - Sect i ons One Up Rout i ng St age
compar abl e vol ume wi t h at mos t a pol yl ogar i t hmi c s l owdown [ Lei s er s on 85] . Addi t i onal l y,
vol ume- uni ver s al i t y i mpl i es t hat l ar ger f at - t r ees can be cr eat ed by s i mpl y addi ng l eve l s and
s cal i ng t he f at - t r ee s t r uct ur e i n t he t hr ee- di mens i onal wor l d.
To as s ur e vol ume- uni ver s al i t y, t he bi s ect i on bandwi dt h mus t be pr oper l y cor r e l at ed
wi t h t he vol umes cont ai ned wi t hi n each por t i on of t he networ k. For t hr ee di mens i onal
s t r uct ur es , bandwi dt h i nt o a vol ume i s gener al l y pr opor t i onal t o t he s ur f ace ar ea of t he
encl os ed vol ume; t hi s vol ume wi l l i n t ur n be pr opor t i onal t o t he number of t ermi nal nodes
or networ k end poi nt s f r omwhi ch t he vol ume i s compos ed. Thus we as s ume:
 Vol ume =v / networ k endpoi nt s .
 Bandwi dt h / Sur f ace ar ea =a
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Fi gur e 2. 7: Hybr i d Up Rout i ng Scheme wi t h l og
4 4
NSt ages i n Up Rout i ng Tr ee
 Sur f ace ar ea =a/ (
3
p
v)
2
Us i ng vas s ome meas ur e of t he number of networ k endpoi nt s , and aas s ome meas ur e of t he
networ k bandwi dt h, t he i mpor t ant r e l at i on i s a/ (
3
p
v)
2
. I f we as s ume t hat t he encl os ed
vol ume i ncr eas es by a f act or of 4 ( v
n
= 4v
n 1
) at each l eve l , as one mi ght expect f or a
quat er nar y t r ee , i t i s c l ear t hat vol ume uni ver s al l i t y can be achi eved onl y i f t he bandwi dt h
i ncr eas es no f as t er t han t he f act or der i ved i n Equat i on 2. 1.
a
n
/ (
3
p
v
n
)
2
=(
3
p
4v
n 1
)
2
=(
3
p
v
n 1
)
2
(
3
p
4)
2
=a
n 1
(
3
p
4)
2
=a
n 1
3
p
16 ( 2:1)
Thus , on aver age, bandwi dt h s houl d i ncr eas e by a f act or of
3
p
16 at each s ucces s i ve l eve l up
t he t r ee t o maxi mi ze t he bandwi dt h avai l abl e i n t he networ k whi l e keepi ng t he gr owt h r at e
appr opr i at e l y bounded. Whet her t hi s bandwi dt h i ncr eas e can act ual be r eal i zed wi t hi n
t he as s umed f act or of f our gr owt h r at e i s s t i l l an open ques t i on. A gener al i zat i on of t he
uni ver s al l i t y pr oof s i n [ Lei s er s on 85] and [ Gr eenber g 85] t o t hi s r at e of gr owt h may be
pos s i bl e , but has yet t o be demons t r at ed.
2. 2. 7 Channel Capaci ty Growth
I t i s eas y t o s ee t he aver age channel capaci t y, number of di s t i nct phys i cal connect i ons
i n or out of an i nt er nal t r ee node, gr owt h by l ooki ng at t he channel capaci t y gr owt h
acr os s t hr ee t r ee l eve l s . For s i mpl i c i t y, cons i der t he por t i on of a f at - t r ee networ k s hown i n
Fi gur e 2. 6. The channel capaci t y of each l ogi cal channel i n and out of t he bot t omof t hi s
16
Layer Tree Level Capaci ty Logi cal Channel s
0 8 64
1 n 8 16
2 n+1 32 4
3 n+2 128 1
0 128 1
1 n+4 128
1
4
Tabl e 2. 1: Up Tr ee Bandwi dt h Al l ocat i on
s t r uct ur e i s e i ght . The channel capaci t y of t he s i ngl e l ogi cal channel i n and out of t he t op
of t hi s s t r uct ur e i s 128. Thus , t he channel capaci t y has gr own by a f act or of 16 acr os s 3
t r ee l eve l s gi vi ng t he des i r ed aver age gr owt h of
3
p
16.
Si nce t he up r out i ng and down r out i ng t r ees ar e s epar at e , t he channel capaci t y gr owt h
i n t he up t r ee di er s s omewhat f r omt he capaci t y of t he t he cor r es pondi ng networ k s t ages
i n t he down t r ee .
Up Tree
To s ee how t he up t r ee r out i ng capaci t y gr ows , i t i s eas i es t t o l ook at t he channel
capaci t i es f or t he r s t f ews t ages of t he networ k. Cons i der t he por t i on of t he up r out i ng t r ee
s hown i n Fi gur es 2. 5 and 2. 6. Layer 0 s i mpl y per f orms t he r out i ng t o t he next t hr ee l ayer s
s o i t does not cor r es pond t o an act ual l eve l i n t he t r ee . Each bas e r out i ng component i n l ayer
0 i s an RN1 r out i ng chi p. Thus each of t he 64 r out i ng component s s hown i n Fi gur e 2. 6(A)
has 8 i nput s and out put s . The 8 out put s ar e di vi ded i nt o f our l ogi cal di r ect i ons wi t h two
goi ng t o each of t he next t hr ee l ayer s and 2 goi ng f ur t her up t he t r ee . Thus l ayer 1 has 64
pai r s of out put s conver gi ng t o 16 di er ent s ub- t r ees ( Fi gur e 2. 6(B) ) ; t he r es ul t i s 16 l ogi ca
channel s of capaci t y 8. Si mi l ar l y, l ayer 2 has 64 pai r s of out put s conver gi ng i n 4 s ub- t r ees
maki ng 4 l ogi cal channel s each of capaci t y 32 ( Fi gur e 2. 6(C) ) . Fi nal l y, l ayer 3 has 64 pai r s
of out put s conver gi ng t o a s i ngl e s ub- t r ee whi ch gi ves a s i ngl e l ogi cal channel wi t h capaci t y
128 ( Fi gur e 2. 6(D) ) . Thi s l eaves t he r emai ni ng 64 pai r s of out put s whi ch connect t o t he
next r out i ng s t age as a s i ngl e l ogi cal channel wi t h capaci t y 128. Thi s l ogi cal channel wi l l
t hen encount er anot her r out i ng s t age j us t l i ke l ayer 0 and t he pr ogr es s i on wi l l cont i nue i n
t hi s manner . Thi s capaci t y pr ogr es s i on i s s ummar i zed i n Tabl e 2. 1. The nal i t ems i n t he
t abl e ar e t he cor r es pondi ng l ayer 0 and 1 pr ogr es s i ons f or t he next r out i ng s t age . Thus t he
pr ogr es s i ons of gr owt h f act or s i s 1, 4, 4 gi vi ng a capaci t y gr owt h of 16 i n 3 t r ee s t ages or
an aver age gr owt h of
3
p
16.
Downward
The bot t ommos t down r out i ng l eve l mus t pr ovi de 8 out put s i n each l ogi cal des t i nat i on
t o s cal e pr oper l y wi t h i nput t o t he up r out i ng t r ee . Thi s di ct at es 8  4 =32 out put s or 4
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Tree Level Capaci ty
n 8
n+1 24
n+2 64
n+3 128
n+4 384
Tabl e 2. 2: Down Tr ee Bandwi dt h Al l ocat i on
r out i ng chi ps . Thi s i mpl i es t hat t he t ot al f an- i n t o t hi s l eve l i s al s o 32. 2  4 =8 of t ha
f an- i n i s cons umed by l at er al connect i ons l eavi ng 32   8 = 24 i nput s whi ch mus t f an- i n
f r omabove. At t he next l eve l , t her e need t o be 24 out put s f or each l ogi cal des t i nat i on as
j us t det ermi ned. Thi s di ct at es 24  4 =96 out put s or 12 r out i ng component s and a t ot al
f an- i n of 96. Ther e ar e 2  4  4 =32 l at er al f an- i n s i gnal s t o t hi s l eve l , l eavi ng 96  32 =64
i nput s f or f an- i n f r omt he pr evi ous down r out i ng s t age . Si mi l ar l y each l ogi cal des t i nat i on
at l eve l t hr ee has 64 out put s as s oc i at ed wi t h i t . Thi s di ct at es 64  4 =256 t ot al out put s
or 32 r out i ng chi ps . Thi s gi ves a t ot al f an- i n t o t hi s l eve l of 256. The l at er al f an- i n i
2  4  4  4 =128 l eavi ng 256   128 =128 i nput s f or f an- i n f r omabove.
Beyond t hi s poi nt , t he s t r uct ur e r epl i cat es . The next l eve l up l ooks l i ke t he bot t om
l evel s cal ed s o t hat t he i nput s i ze i n each di r ect i on mat ches t he out put f r omt he pr evi ous
s t age . pr ogr es s i on may cont i nue i n t hi s manner ad innitum. The pr ogr es s i on of channel
capaci t i es i n t he downwar d r out e ar e t hus as s hown i n Tabl e 2. 2. Level n+4 i s equi val ent
t o t he l eve l ns t age s i nce t he s er i es begi ns t o r epeat at t hat poi nt . Thus t he pr ogr es s i ons
of gr owt h f act or s i s 3,
8
3
, 2, gi vi ng a capaci t y gr owt h of 16 acr os s 3 t r ee l eve l s . Thi s agai n
gi ves t he des i r ed aver age gr owt h of
3
p
16. Thi s i s i dent i cal t o t he gr owt h i n t he upwar d
r out i ng t r ee , but t he gr owt h does not coi nc i de wi t h t he upwar d t r ee on a s t age per s t age
bas i s .
2. 3 Wi ri ng Constrai nts f or Eci ent Bandwi dth Di stri buti on
I n bot h t he up and down r out i ng por t i ons of t he f at - t r ee networ k, a l ogi cal r out i ng s t age
i s compos ed of many s epar at e r out i ng component s . The i nput s t o any l ogi cal r out i ng s t age
come f r omdi er ent l ogi cal di r ect i ons ; t hat i s t he i nput s t o t he l ogi cal r out i ng s t age may
be l at er al cr os s over connect i ons f r omdi er ent s ubt r ees or may come f r omt he i mmedi at e
par ent r out i ng s t age . The di s t r i but i on of t hes e i nput s t o phys i cal r out i ng component s
pr es ent s a mor e gener al cas e of t he i nput bandwi dt h al l ocat i on di s cus s ed i n Sect i on 2. 1. 1.
I n t hi s s ect i on, t he i s s ue of bandwi dt h di s t r i but i on t o r out i ng component s i s exami ned i n
mor e det ai l i n or der t o devel op s ome cons t r ai nt s f or t he gener al pr obl emof opt i mal l y wi r i ng
t he f at - t r ee networ k.
Agai n, we s t ar t by exami ni ng t he two ext r eme cas es f or bandwi dt h di s t r i but i on. I us e
t he wor d dispersiont o r e f er t o t he degr ee t o whi ch i nput s f r omdi er ent l ogi cal di r ect i ons
ar e di s t r i but ed acr os s di s t i nct r out i ng component s . Di s per s i on i s c l os e l y r e l at ed t o t he
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Fi gur e 2. 8: Non- Di s per s e Exampl e
not i on of expansioni n t he t heor y l i t er at ur e .
2. 3. 1 No Di spersi on
I n t he non- di s per s e cas e at each s uch l ogi cal r out i ng s t age , t he i nput s f r oma gi ven
di r ect i on ar e each r out ed t o t hei r own s et of r out i ng component s . That i s , i f t he i nput s
f r oma gi ven di r ect i on make up a f r act i on  of t he i nput s i nt o t hat l eve l , t hen t hes e ar e al l
des t i ned f or an equi val ent f r act i on of t he r out i ng component s at t hat l eve l . Component s
wi l l be s har ed between l ogi cal i nput di r ect i ons onl y i n t he cas e t hat t her e i s an uneven
di vi s i on of component s among t he i nput di r ect i ons .
At any s t age , i nput s f r oma gi ven di r ect i on can onl y make us e of of t he bandwi dt h
t o each l ogi cal des t i nat i on. Thi s means t he i nput s f r om t hat s t age can, at mos t , r each
of t he r out i ng component s at t he next l eve l . Thi s eect i ve l y mi ni mi zes t he number of
di er ent component s , and hence pat hs , r eachabl e ; Thi s i s non- opt i mal f or f aul t - t ol er ance
and mi ni mi z i ng r out i ng conges t i on. On t he pos i t i ve s i de , at l eas t of t he bandwi dt h i n
a gi ven di r ect i on i s guar ant eed t o t he i nput s f r omeach i nput di r ect i on; s i nce t he i nput s
f r oma s i ngl e l ogi cal di r ect i on do not , i n gener al , s har e r out i ng component s wi t h i nput s
f r omot her di r ect i ons , t hos e i nput s ar e guar ant eed t he ent i r e of t he bandwi dt h. Non-
di s per s i on means t hat at each l eve l , i nput s f r om t he s ame di r ect i on ar e compet i ng onl y
wi t h each ot her f or t he bandwi dt h t o t he next l eve l .
Exampl e Cons i der Fi gur e 2. 8 f or a concr et e exampl e of t hi s wi r i ng s t r at egy. Thi s swi t ch-
i ng coul d r epr es ent Level 1 of t he f at - t r ee i n t he downwar d r out i ng pat h. The l ogi cal r out i ng
s t age i s t hus compos ed of f our r out i ng component s as s hown. I n t hi s cas e , 8 wi r es ent er f r om
t he l at er al di r ect i on whi l e 24 ent er f r omt he pr evi ous down r out i ng s t age i n t he downwar d
r out i ng t r ee . Ei ght wi r es l eave l eve l 1 i n each of t he 4 l ogi cal di r ect i ons .
Her e , t he 32 wi r es ar e par t i t i oned bas ed on t hei r di r ect i on of or i gi nat i on. The 8 l at er al
wi r es al l go i nt o a s i ngl e r out i ng chi p. The 24 wi r es f r omf ar t her up t he t r ee ar e connect ed
t o t he r emai ni ng 3 r out i ng chi ps . Of t he 8 l at er al connect i ons t hr ough t hi s l eve l , at mos t
two connect i ons can be made i n each l ogi cal out put di r ect i on; however , i f mor e t han two
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Fi gur e 2. 9: Di s per s e Exampl e
l at er al connect i ons need t o be made i n a par t i cul ar di r ect i on, at l eas t 2 of t he connect i ons
wi l l be made. As i ngl e chi p f ai l ur e at t hi s l eve l woul d ei t her pr event l at er al communi cat i on
ent i r e l y or cut down t he bandwi dt h f r omf ar t her up i n t he t r ee by 33%.
2. 3. 2 Ful l Di spersi on
Ful l di s per s i on i s achi eved when t he i nput wi r es t o each l eve l f r oma gi ven i nput di r ect i on
ar e s pr ead out amongs t as many di er ent r out i ng component s as pos s i bl e . The pai r of
out put s f r omt he s ame di r ect i on of a s i ngl e chi p at a pr evi ous l eve l al ways go t o di er ent
r out i ng component s .
The number of pot ent i al pat hs f r ompoi nt t o poi nt expand at each l eve l . Thi s r es ul t s
becaus e each i nput wi r e f r oma l ogi cal i nput di r ect i on has t he oppor t uni t y t o l eave on any
of two out put s ; at t he s ame t i me, when a connect i on f r oma l ogi cal i nput di r ect i on does exi t
t he r out i ng l eve l vi a a par t i cul ar out put por t , i t i s not di mi ni s hi ng t he bandwi dt h pot ent i al
f or any ot her i nput s f r om t hat s ame l ogi cal di r ect i on. Thus i nput s f r om al l di r ect i ons
compet e f or t he bandwi dt h t o t he next l eve l . To a l i mi t ed ext ent , t hi s al l ows aver agi ng of
t he l oad f r oms ever al i nput di r ect i ons acr os s t he t ot al avai l abl e bandwi dt h. Si mi l ar l y, t he
eect s of component f ai l ur e i s s pr ead evenl y over al l l ogi cal i nput di r ect i ons . When a chi p
f ai l s , i t eect i ve l y r educes a f r act i on of t he f an- i n f r omeach l ogi cal di r ect i on.
Exampl e Fi gur e 2. 9 gi ves t he concr et e exampl e f or t he f ul l di s per s i on cas e . Thi s cor -
r es ponds t o t he di s per s e wi r i ng of t he s ame l eve l 1 downwar d r out i ng pat h gi ven i n t he
exampl e of t he pr evi ous s ect i on.
I n t hi s cas e , t he 32 wi r es ar e di s t r i but ed evenl y, bas ed on di r ect i on of or i gi nat i on, acr os
t he 4 r out i ng chi ps . I f al l 8 l at er al connect i on wer e des t i ned f or t he s ame out put di r ect i on,
t her e i s a pos s i bi l i t y t hat t hey coul d al l be r out ed; t her e i s al s o t he pos s i bi l i t y t hat t h
coul d al l be bl ocked becaus e al l t he bandwi dt h i n t hat par t i cul ar di r ect i on i s cons umed by
connect i ons f ar t her up t he t r ee . As i ngl e chi p f ai l ur e at t hi s l eve l woul d eect i ve l y cut t he
bandwi dt h out of t hi s l eve l down by 25%.
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2. 3. 3 Potenti al Path Growth
Fr omt he above, we s ee t hat f ul l di s per s i on wi l l maxi mi ze t he number of pat hs avai l abl e
f or a connect i on t hr ough t he networ k. Thi s f act or of t wo i ncr eas e at each l eve l i n t he
number of pat hs over whi ch a gi ven connect i on can be made i s t he bes t achi evabl e us i ng
RN1. Thi s occur s when each wi r e on whi ch a connect i on coul d pot ent i al l y be made by
a common s our ce i s connect ed t o a di er ent r out i ng component . Ther e ar e t hen twi ce as
many pot ent i al pat hs t owar d t he des i r ed des t i nat i on out of each r out i ng l eve l as t her e wer e
i nt o t he l eve l . As l ong as t hi s pr oper t y can be mai nt ai ned, each r out i ng l eve l wi l l be abl e
t o achi eve t hi s eect i ve doubl i ng of t he number of pat hs between a gi ven s our ce and i t s
des t i nat i on.
Cer t ai nl y, i t i s pos s i bl e t o wi r e t he networ k wi t h l es s pot ent i al pat hs between each
s our ce des t i nat i on pai r . I f two or mor e wi r es whi ch a gi ven s our ce coul d have r out ed a
mes s age t hr ough ar e connect ed t o t he s ame r out i ng chi p, t hen t he pat h gr owt h wi l l be
smal l er .
I n or der t o guar ant ee t hat we can achi eve t he maxi mal pat h gr owt h or pat h expansion
des cr i bed above, at each l eve l , i t need onl y be t he cas e t hat t her e i s not a s i ngl e s et of
wi r es t hat can be r eached f r oma s i ngl e pr oces s or t hat account s f or mor e t han
1
8
f t he
t ot al bandwi dt h i nt o any l eve l . Thi s i s not t he s ame as s ayi ng t hat t he i nput s f r oma s i ngl e
l ogi cal di r ect i on mus t compos e l es s t han
1
8
of t he i nput s t o a gi ven l ogi cal r out i ng l eve l .
The i nput s f r oma gi ven l ogi cal di r ect i on ar e not neces s ar i l y f ul l y concent r at ed when t hey
ent er a r out i ng l eve l . As l ong as t he cons t r ai nt gi ven above on t he f r act i on of pot ent i al
i nput s f r oma s i ngl e s our ce can be mai nt ai ned, each i nput wi r e f r oma pot ent i al l y common
s our ce can be r out ed t hr ough a di er ent r out i ng component at any l eve l i n ques t i on. For
t he f at - t r ee r out i ng s t r uct ur e des cr i bed her e , t hi s pr oper t y i s mai nt ai ned at each l ogi cal
r out i ng l eve l compos i ng t he networ k.
Lei ght on and Maggs [ Lei ght on 89- 2] poi nt out t hat t he above cons t r ai nt i s s uci ent
onl y t o guar ant ee opt i mal pat h expans i on at t he mi cr o- l eve l ; t hat i s when l ooki ng at t he
number of pat hs between a s i ngl e s our ce and des t i nat i on. When vi ewi ng pat h expans i on at
t he macr o- l eve l , addi t i onal cons t r ai nt s ar e neces s ar y t o guar ant ee opt i mal pat h expans i on;
macr o- l eve l pat h expans i on i s t he gr owt h i n t he number of pat hs between s et s of s our ce
and des t i nat i on pr oces s or s r at her t han s i mpl y i ndi vi dual pr oces s or s . Lei ght on and Maggs
demons t r at e t he advant ages of opt i mal or near - opt i mal macr o- l eve l expans i on wi r i ng when
wi t h a s cheme wher e t he swi t chi ng el ement s can ar bi t r at e wi t h one anot her concer ni ng
networ k l oadi ng [ Lei ght on 89- 1] . RN1, however , s e l ect s out put pat hs obl i vi ous l y. As s uch,
i t i s not c l ear t hat t hei r macr o- l eve l cons t r ai nt s wi l l have any s i gni cant aect i n pr act i c
on t he r out i ng per f ormance of a networ k bui l t us i ng RN1 swi t ches . Recent wor k [ DeHon 90]
woul d i ndi cat e t hat t hi s ki nd of expans i on i s us ef ul t o maxi mi z i ng t he f aul t t ol er ance of
t he networ k.
The compl exi t y of Lei ght on and Maggs ' swi t chi ng el ement [ Lei ght on 89- 1] i s much
gr eat er t han t hat of RN1. As s uch, i t woul d cer t ai nl y r epr es ent a much s l ower compo-
nent . Addi t i onal l y, t he i r swi t chi ng s cheme r equi r es appr oxi mat e l y 4( l ogN) c l ock cycl es t o
r out e a connect i on as oppos ed t o t he ( l og N) c l ock cyl es r equi r ed by RN1. Bot h of t hes e
pr oper t i es make i t s r out i ng much s l ower t han RN1. However , i f i t s r out i ng eci ency t ur ns
21
out t o be gr eat er t han t hat of t he obl i vi ous r out i ng done by RN1 by a compar abl e f act or ,
t hen per haps i t woul d be beneci al t o l ook f ur t her i nt o t he al t er nat i ve of cons t r uct i ng s uch
a swi t chi ng el ement .
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3. Constructi on
Thi s chapt er expands on t he t echni cal det ai l s i nvol ved i n t he cons t r uct i on of t he networ k
s t r uct ur e des cr i bed i n t he pr evi ous chapt er . Sect i on 3. 1 di s cus s es a f ewf ur t her i s s ues about
t he cons t r uct i on of t he bi de l t a c l us t er s at t he l eaves of t he f at - t r ee . Sect i on 3. 2 addr es s
a coupl e of i s s ues i mpor t ant t o t he r eal i zat i on of a s uch networ k us i ng RN1. Sect i on 3. 3
i nt r oduces t he unit tree, a s t ack s t r uct ur e t hat can s er ve as t he bas i c bui l di ng bl ock f or t hi s
ki nd of f at - t r ee networ k. Then Sect i on 3. 4 des cr i bes a pos s i bl e geomet r y f or ar r angi ng t hes e
uni t t r ee s t r uct ur es i n t hr ee- di mens i ons t o r eal i ze networ ks of r eas onabl e s i ze . Sect i on 3.
f ol l ows des cr i bi ng cons t r uct i on i s s ues f or t hi s geomet r y. Sect i on 3. 6 t hen deal s wi t h t he
l ong wi r es t hat neces s ar i l y occur i n t hi s s t r uct ur e . Sect i on 3. 7 br i ey det ai l s pr oces s o
pl acement wi t h r es pect s t o s uch a networ k. Fi nal l y, Sect i on 3. 8 det ai l s an eci ent s cheme
f or comput i ng r out i ng s equences f or t hi s networ k.
3. 1 Bi del ta Leaf Cl usters
Sect i on 2. 1 des cr i bed t he compos i t i on of t he bi de l t a l eaf c l us t er s . Thi s s ect i on l l s i n
cons t r uct i on det ai l s not r eadi l y appar ent f r omt he pr evi ous des cr i pt i on.
3. 1. 1 Connecti ons To Fat-Tree
For s i mpl i c i t y, t he 11 l ogi cal r out i ng di r ect i on out of t he r s t s t age of r out i ng i n t he
bi de l t a c l us t er i s chos en t o r out e i nt o t he f at - t r ee networ k. That i s , i f t he r s t two r out i n
bi t s of t he r out i ng s equence ar e bot h ones , t he connect i on wi l l be r out ed out of t he bi de l t a
c l us t er and i nt o t he f at - t r ee networ k. The choi ce of whi ch l ogi cal di r ect i on t o us e f or t hi s
pur pos e i s s omewhat ar bi t r ar y, but i t i s us ef ul t o s et t l e on a s i ngl e di r ect i on f or r e f er enc
pur pos es .
3. 1. 2 Connecti ons FromFat-Tree
The r s t s t age r out i ng component s wi l l be congur ed t o swal l owt he r s t r out i ng byt e
t hey encount er , as des cr i bed i n Sect i on 1. 3. 2, f or c l us t er i nput s f r omt he f at - t r ee networ k.
Thi s means t he swal l ow pr oper t y mus t be s et onl y on t he two i nput s f r om t he f at - t r ee
networ k t o each r out i ng component i n t he r s t r out i ng s t age ; t he ot her s i x i nput s t o each
r out i ng component wi l l come di r ect l y f r ompr oces s or s and not r equi r e t hi s swal l owpr oper t y
t o be s et . I n t hi s manner , a f r es h r out i ng byt es i s al ways us ed t o r out e t hr ough t he bi de l t a
c l us t er r egar dl es s of t he s our ce of t he connect i on. Thi s pr ovi des a l ogi cal s epar at i on between
t he por t i on of t he r out i ng s equence us ed t o r out e t hr ough t he f at - t r ee and t hat us ed t o r out e
wi t hi n t he c l us t er maki ng r out i ng cal cul at i on moder at e l y eas y. I t al s o guar ant ees t hat a
f r es h s et of r out i ng bi t s i s avai l abl e t o r out e t hr ough t he bi de l t a c l us t er .
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3. 1. 3 Si ze
The number of pr oces s or s t hat a s i ngl e bi de l t a c l us t er s s t ack can s uppor t i s cons t r ai ned
by phys i cal s i ze , bandwi dt h, and gr anul ar i t y. Si nce t he r out i ng component di s t i ngui s hes
f our di s t i nct di r ect i ons , each addi t i onal r out i ng s t age wi l l i ncr eas e t he s i ze , number o
pr oces s or s , by a f act or of f our . Not e , however , t hat s i nce one l ogi cal di r ect i on out of t he
r s t s t age connect s t o t he f at - t r ee r at her t han t he bi de l t a networ k, t hat t he r s t s t age onl y
di s t i ngui s hes t hr ee di r ect i ons wi t hi n t he networ k. Thi s gr anul ar i ty cons t r ai nt al one s pec i e
t he cons t r uct i on of c l us t er s whi ch s uppor t 3  4
i
pr oces s or s , f or any non- negat i ve i. When
cons i der i ng phys i cal s i ze we ar e l i mi t ed by t he s i ze we can cons t r uct t he hor i zont al r out i ng
boar ds ( s ee Sect i on 1. 4) . Cons i der i ng t he pr o j ect ed s i ze of RN1, t he l ar ges t pos s i bl e s i ngl e
hor i zont al r out i ng pl ane we can cons t r uct wi l l s uppor t 8 8 =64 r out i ng component s ; t hi s
woul d al l ow t he cons t r uct i on of t he 4 s t age networ k s uppor t i ng 3  4
3
= 192 pr oces s or s .
Addi t i onal l y, t he bi de l t a c l us t er wi l l have t o pr ovi de bandwi dt h t o and f r omt he f at - t r ee
networ k whi ch wi l l mat ch t hat of t he f at - t r ee networ k bei ng cons t r uct ed.
For not at i onal conveni ence , a bi de l t a c l us t er s s uppor t i ng npr oces s or s wi l l be denot ed
by B
n
. e.g. a 3 s t age bi de l t a c l us t er s wi l l s uppor t 3  4
2
=48 pr oces s or s and wi l l t hus be
r ef er enced as B
48
.
3. 2 Inter-Stage Detai l s
3. 2. 1 Up Path Di recti ons
Rout i ng component s i n an up r out i ng s t age r out e i n f our di s t i nct di r ect i ons as s hown
i n Fi gur e 2. 4. Her e , agai n, t he as s i gnment of act ual r out i ng di r ect i ons t o each of t he f our
l ogi cal di r ect i ons i s s omewhat ar bi t r ar y. I t i s us ef ul , t hough, t o make t hi s as s i gnment i n a
l ogi cal manner f or t he s ake of r e f er ences and r out i ng s i mpl i c i t y. The 11 di r ect i on i s as s i gned
t o t he di r ect i on whi ch r out es f ur t her up t he t r ee . Thi s i s cons i s t ent wi t h t he choi ce of t he 11
di r ect i on t o r out e out of t he bi de l t a c l us t er . The 00, 01, and 10 di r ect i ons each r es pect i ve l y
r out e t o t he each of t he next t hr ee s ucces s i ve down r out i ng s t ages . That i s t he 00 di r ect i on
r out es t o t he next down r out i ng s t age , 01 t o i t s par ent , and 10 t o t he next par ent .
3. 2. 2 Swal l ows
I n or der t o al l ow r out i ng t o ar bi t r ar i l y many des t i nat i ons , we need t o make s ur e t hat
t he f at - t r ee networ k i s congur ed t o di s car d an ol d r out i ng byt e when i t i s exhaus t ed. Thus
t he swallows t ages need t o be ar r anged i n a f unct i onal manner . Thi s t as k i s compl i cat ed
by t he f act t hat connect i ons can be made t hr ough ar bi t r ar y hei ght s i n t he t r ee s uch t hat
compl et e pat hs f r oms our ce t o des t i nat i on ar e not ent i r e l y homogeneous ; t hat i s , pat hs wi l l
di er i n l engt h bas ed on wher e t hey ent er ed t he down r out i ng t r ee .
I deal l y we woul d l i ke each of t he swal l ows t ages t o be pl aced a a maxi mumdi s t ance f r om
each ot her . Thi s i s des i r abl e becaus e each swal l ows t age eect i ve l y cos t s one c l ock cycl e of
de l ay whi l e t he ol d r out i ng byt e i s be i ng di s car ded s o t he new can t ake i t s pl ace . Thus t o
mi ni mi ze t he t i me t o make a connect i on, swal l ow s t ages s houl d be pl aced as i nf r equent l y
as pos s i bl e .
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Si nce t her e ar e 8 bi t s i n each r out i ng byt e and each r out i ng s t age cons umes 2 bi t s ,
swal l ows ar e r equi r ed at l eas t ever y f our r out i ng s t ages . Swal l ow s t ages wi l l cer t ai nl y be
needed at l eas t ever y 4 s t ages on t he up pat h and on t he down pat h. I t i s pos s i bl e t o change
f r omup r out i ng t o down r out i ng at any up s t age. I n or der t o be as s ur ed t hat t he down
r out i ng s t ages get f r es h r out i ng byt es when needed, t he ol d r out i ng byt e wi l l be s t r i pped
o as par t of t he l at er al cr os s over f r omt he upwar d t r ee t o t he downwar d. Thi s r out i ng
byt e change wi l l be r eal i zed by s et t i ng t he swal l owpr oper t y on al l l at er al i nput s t o a down
r out i ng s t age . Thi s l at er al swal l ow pr ovi des a c l ear s epar at i on between t he up and down
r out i ng por t i on of a connect i on.
3. 2. 3 Bi t Rotati ons
Recal l f r omSect i on 1. 3 t hat t he appr opr i at e bi t s f r omt he dat a pat h ar e us ed t o per f orm
r out i ng. I n or der t o as s ur e t hat a di er ent pai r of bi t s ar e us ed at each l eve l , t he dat a pat h
i s r ot at ed between r out i ng l eve l s . Thi s pos es a s i mi l ar pr obl emt o t he swal l ow. Wher eas ,
i n a bi de l t a networ k, al l pat hs i n t he networ k ar e of t he s ame l engt h, al l pat hs t hr ough t he
f at - t r ee ar e not . Mor e i mpor t ant l y, al l pat hs ar e not even of t he s ame l engt h modul o f our .
Even pat hs t hr ough a gi ven r out i ng component can di er i n l engt h. Thus , s ome at t ent i on
mus t be gi ven t o as s ur i ng t hat t he bi t s ar e r ot at ed uni f orml y t hr ough t he t r ee networ k.
Fr omt he s our ce pr oces s or t o a gi ven hei ght i n t he t r ee , t he amount of r ot at i on i ncur r ed
wi l l be known. Si mi l ar l y, f r omt hat hei ght down t o a des t i nat i on, t he number of r ot at i ons
wi l l be known. What we mus t as s ur e i s t hat t he t ot al number of bi t r ot at i ons modul o
f our t hr ough t he networ k i s t he s ame r egar dl es s of t he hei ght at whi ch t he l at er al cr os s over
occur s . I n or der t o guar ant ee t hi s , we mus t us e t he l at er al cr os s over between t he up r out i ng
t r ee and t he down r out i ng t r ee t o s hue t he bi t s i nt o a cons i s t ent s t at e ; t hat i s make s ur e
t hat t he l at er al bi t s i nt o a gi ven down r out i ng l eve l have t he s ame r ot at i on appl i ed t o t hem
as t hos e comi ng i nt o t he down r out i ng l eve l f r omabove. Thi s i s c l os e l y r e l at ed t o need t o
swal l ow on t he l at er al cr os s over i n or der t o be s ynchr oni zed wi t h t he poi nt of ent r y i nt o
t he downwar d r out i ng pat h and s i mi l ar l y guar ant ees t hat , r egar dl es s of t he hi s t or y of a
connect i on' s pat h, i t mer ges cons i s t ent l y i nt o t he downwar d t r ee .
3. 3 Uni t Tree
I n bui l di ng t he f at - t r ee networ k, we ar e cons t r ai ned i n t he s i ze we can r e l i abl y f abr i cat e
t he component s t acks . Recal l f r omSect i on 1. 4 t hat t he hor i zont al pc- boar ds ar e l i mi t ed
t o about two f eet s quar e . Ther e ar e al s o ot her di cul t i es t hat ar i s e i f we at t empt t o bui l d
l ar ger s t acks . The on- boar d wi r e l engt hs begi n t o become a mor e s er i ous concer n s l owi ng
t he c l ock cycl e of each r out i ng s t age . The al r eady dens e wi r i ng on t he pc- boar ds becomes
pr opor t i onal l y mor e s ever e .
I t i s c l ear t hat t he f at - t r ee networ k wi l l have t o be packaged i n mul t i pl e component
s t acks . Fr omt hi s r eal i zat i on, i t i s neces s ar y t o det ermi ne howt o s epar at e t he f at - t r ee i nt o
s t acks and howeach cons t i t uent s t ack i s compos ed. We wi s h t o avoi d bui l di ng many s t acks
of di er ent geomet r i es , and hence needi ng t o des i gn and f abr i cat e many di er ent pc- boar ds
and ot her component s . We want as much as pos s i bl e t o be r eus abl e when s cal i ng t o l ar ger
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and l ar ger s i zed f at - t r ees . Es s ent i al l y, we need a s t andar d r epl i cabl e s t r uct ur e t hat can
s er ve as a bui l di ng bl ock f or f at - t r ees i n much t he s ame way t hat a s et of i dent i cal r out i ng
component s can be us ed t o cons t r uct a r out i ng s t ack.
3. 3. 1 Uni t Tree Structure
The unit tree i s a s i ngl e s t ack s t r uct ur e f r omwhi ch a f at - t r ee i nt er connect i on of a wi de
var i et y of s i zes can be bui l t . Thi s bas i c bui l di ng bl ock, when r epl i cat ed and pr oper l y
ar r anged wi l l r eal i ze t he f at - t r ee s t r uct ur e des cr i bed her e i n.
Si ze
As not ed, cur r ent t echnol ogy l i mi t s t he s i ze of a s i ngl e hor i zont al pc- boar d r out i ng l ayer
t o about 2
0
 2
0
. Gi ven t he t ar get s i ze of RN1 as 1:4
00
 1:4
00
, i f we l eave an equal amount
of s pace between each r out i ng component f or r out i ng wi r es , we can pl ace about 8  8 =64
r out i ng component s i n a s i ngl e r out i ng l ayer . As s uch, a uni t t r ee i s cons t r ai ned t o t hi s s i ze
f or t he pr es ent t i me. As t echnol ogy i mpr oves , t he number of component s per l ayer wi l l , no
doubt , i ncr eas e ; however , t hi s s cheme i s ver y s cal abl e and can eas i l y be modi ed t o t ake
advant age of i mpr oved t echnol ogy. For t he r emai nder of t hi s paper , 64 r out i ng component s
wi l l be as s umed as t he maxi muml ayer s i ze .
The bas i c s t r uct ur e of t he f at - t r ee des cr i bed i n Sect i on 2. 2 s howed t hat t he f at - t r ee i s
bui l t by r epl i cat i ng a s er i es of one upwar d r out i ng s t age and 3 downwar d r out i ng s t ages .
Thes e 4 s t ages des cr i be t he nat ur al s t r uct ur e of t he t r ee . Thi s gi ves a nat ur al di vi s i on
between r out i ng l eve l s appr opr i at e f or i nc l us i on i n each uni t t r ee s t ack.
The uni t t r ee i s t hus cons t r uct ed i n 4 l ayer s as s hown i n Fi gur es 2. 5, 2. 6, and 2. 3. The up
r out i ng l ayer i s at t he bas e and i s compos ed of t he maxi mum64 r out i ng component s . I t i s
f ol l owed by t he r s t down r out i ng s t age whi ch i s al s o compos ed of 64 r out i ng component s i n
or der t o mat ch bandwi dt h wi t h t he up r out i ng s t age . The next down r out i ng s t age pr ovi des
i nput t o onl y t hr ee- f our t h of t he r s t down r out i ng s t age s i nce l at er al i nput s cons ume one-
quar t er of t he i nput capaci t y t o t he r s t down r out i ng s t age . I t i s t hus compos ed of
onl y 48 r out i ng component s . The t hi r d, and nal down r out i ng s t age pr ovi des i nput s t o
t he s econd down r out i ng s t age . Si nce t he s econd down r out i ng s t age has one- t hi r d of i t s
i nput s dedi cat ed t o l at er al cr os s over i nput s , t he t hi r d s t age i s onl y two- t hi r ds t he s i ze o
t he s econd. Thi s makes i t one- hal f t he s i ze of t he r s t down r out i ng s t age whi ch i s 32
component s . Thus , t he component count f or a uni t t r ee i s s hown i n Tabl es 3. 1. Each
s uch uni t t r ee t hus r equi r es a t ot al of 208 r out i ng component s . Wi t h f our r out i ng l ayer s ,
t he s t ack s houl d be about 1:5
00
t al l maki ng t he ent i r e s t ack r oughl y 2
0
 2
0
 1:5
00
. Si nce
t her e ar e s ever al var i at i ons of t hi s bas i c uni t t r ee wor t h cons i der i ng, when i t i s neces s ar
t o di er ent i at e t hem, t hi s par t i cul ar uni t t r ee wi l l be r e f er enced as UT
648
.
Characteri sti cs
Wi t h t hi s devel opment , t he s i ze and geomet r y of a bas i c uni t t r ee i s f ul l y cons t r ai ned.
As s uch we can s ummar i ze t he bandwi dt h char act er i s t i cs as gi ven i n Tabl es 3. 2.
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Level Routi ng Components
0 64
1 64
2 48
3 32
Tabl e 3. 1: Uni t Tr ee Component Summar y
Total Bandwi dth Total Logi cal Channel s Capaci ty
Up f r omLeaves 512 64 8
Down t owar d Leaves 512 64 8
Up t owar d Root 128 1 128
Down f r omRoot 128 1 128
Tabl e 3. 2: UT
648
Bandwi dt h
Stack Component Avai l abl e Requi red Bandwi dth
Layer Count Bandwi dth Down Path Up Path
0 64 512 512 0
1 64 512 0 384
2 48 384 0 256
3 32 256 0 128
Tabl e 3. 3: UT
648
Ver t i cal Thr ough Bandwi dt h
Through Bandwi dth
Al l of t he ver t i cal s t r ai ght t hr ough connect i ons between hor i zont al boar ds i n t he s t ack
s t r uct ur e ar e cont ai ned on t he r out i ng component s ' package as des cr i bed i n Sect i on 1. 3. 1.
Thi s l i mi t s t he number of ver t i cal r out i ng condui t s avai l abl e f or up or down r out i ng con-
nect i ons whi ch s i mpl y pas s t hr ough a l ayer wi t hout bei ng i nvol ved i n t he r out i ng occur r i ng
on t hat l ayer . Each package pr ovi des s uci ent t hr ough r out i ng condui t s f or 8 bundl es of
9 wi r es api ece . No ver t i cal vi as ar e needed f or t he downwar d r out i ng pat h, except when
t he ent i r e downwar d bandwi dt h mus t r out e t hr ough t he upwar d r out i ng l eve l . The upwar d
r out i ng pat h r equi r es t hr ough bandwi dt h on al l t he down r out i ng l eve l s . Avai l abl e and
r equi r ed bandwi dt h i s s ummar i zed i n t he Tabl es 3. 3. Cl ear l y, t her e i s adequat e ver t i cal
t hr ough bandwi dt h avai l abl e f or t hi s s cheme.
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3. 3. 2 Tree Root
Two al t er nat i ves exi s t f or t ermi nat i ng t he f at - t r ee . I t i s pos s i bl e s i mpl y t o bui l d t he
t r ee up t o a des i r ed s i ze and l eave t he bandwi dt h out of t he t op of t he t opmos t s t age of uni t
t r ees unus ed. Al t er nat e l y, we can bui l d a cappi ng l eve l whi ch ut i l i zes t he l ogi cal di r ect i on
whi ch woul d have r out ed f ur t her up t he t r ee t o r out e l at er al l y t o anot her down r out i ng
l eve l .
The r s t opt i on i s t he concept ual l y c l eanes t . Al l of t he uni t t r ee s t acks wi l l be i dent i cal
Rout i ng wi l l be i dent i cal on t r ees of al l s i zes .
The l at er opt i on al l ows mor e s i ze exi bi l i t y i n s ome cas es . Knowi ng t he s i ze of t he s t ack
becomes i mpor t ant t o r out i ng cons i der at i ons when t he r oot s t ack i s capped i n t hi s manner .
St acks wi t h a cap l eve l wi l l be s l i ght l y di er ent f r omot her s t acks s o t hat not al l s t acks wi l l
be i dent i cal ; however , t hes e capped s t acks can di er onl y by t he addi t i on of an addi t i onal
r out i ng l ayer t o t he t op of a s t andar d uni t t r ee s t ack.
Cap Level
Concept ual l y, t he r oot l ayer cons t r uct ed f or a capped uni t t r ee wi l l be f or t he conver -
gence of f our uni t t r ees ; however , t he component s t hat compos e t hi s l ayer can be di s t r i but ed
acr os s t he f our s t acks . Thi s di s t r i but i on i s neces s ar y s i nce we cannot make a s i ngl e s t ack
l ar ger . At t he t op of a s t andar d uni t t r ee t her e ar e 128 channel s t hat woul d go f ur t her
t owar d t he r oot and 128 comi ng f r omt he r oot . Wi t h a down bandwi dt h of 128 i nt o each
of t he 4 s t acks and hence l ogi cal di r ect i ons , we need a t ot al of 64 r out i ng component s t o
compos e t he nal l eve l . One- f our t h of t hes e component s can be pl aced i n each s t ack. Thi s
appr opr i at e l y gi ves 128 out put s f r omt hi s new l evel t o t he 128 i nput s t o t he down r out i ng
l eve l whi ch was f ormer l y t he t op of each s t ack. Each s t ack wi l l t hen have
128
4
=32 con-
nect i ons t hr ough t he capped r oot back t o i t s e l f and 32 connect i ons f r omeach of t he t hr ee
adj acent s t acks i nt o i t s or i gi nal t op down r out i ng l eve l . Si mi l ar l y, each s t ack wi l l connec
t o 3 ot her s t acks wi t h 32 connect i ons . Obvi ous l y, i f t he r oot l eve l of uni t t r ees i s compos ed
of mor e t han 4 s t acks , t he 32 connect i on i n each l ogi cal di r ect i on s houl d be maxi mal l y
di s t r i but ed over al l s t acks compos i ng each l ogi cal di r ect i on.
For t he s ake of c l ar i t y, t hi s capped uni t t r ee wi l l be r e f er enced as UT
648c
.
3. 3. 3 Bui l di ng a Fat-Tree FromUni t Trees
Each bi del t a l eaf c l us t er has a bandwi dt h of
2N
leaf
3
i nt o t he f at - t r ee , wher e N
leaf
i s t he
number of pr oces s or s i n t he l eaf c l us t er . As i ngl e uni t t r ee has a bandwi dt h of 8 i n each of
t he 64 l ogi cal di r ect i ons i t di s t i ngui s hes . As s uch,
N
leaf
34
uni t t r ees ar e r equi r ed t o cons t r uct
t he smal l es t f at - t r ee whi ch has onl y a s i ngl e l ayer of uni t t r ees . The next l ar ger s i ze can
t hen be cons t r uct ed by r epl i cat i ng t hi s smal l es t s t r uct ur e 64 t i mes and us i ng anot her l ayer
of uni t t r ees t o i nt er connect t hes e 64 s ubt r ees . Enough uni t t r ees at t hi s s econd l eve l wi l l
be needed t o mat ch t he bandwi dt h out of t he t op of t he r s t s t age of uni t t r ees . Thi s
pr ogr es s i on can be cont i nued t o bui l d f at - t r ees ar bi t r ar i l y l ar ge .
28
Exampl es
12K As an i ni t i al exampl e , cons i der bui l di ng a 12K pr oces s or machi ne . We can us e a
B
192
l eaf c l us t er f or t he l eaf . The next l eve l i s t hen bui l t out of
192
12
=16 uni t t r ees . Thi s
gi ves 192  64 =12288 pr oces s or s us i ng 64 B
192
bi del t a c l us t er s and 16 UT
648
uni t t r ee
bl ocks .
48K Us i ng a cappi ng l eve l at t he t op of a s i ngl e l ayer of uni t t r ees , we can s uppor t 48K
pr oces s or s , f our t i mes as many pr oces s or s as t he pr evi ous exampl e . The number of uni t
t r ees s i mpl y needs t o gr owby a f act or of f our . Si mi l ar l y, f our t i mes as many bi del t a c l us t er s
ar e needed. Thus , t hi s i s cons t r uct ed f r om256 B
192
l eaf c l us t er s and 64 UT
648c
uni t t r ees .
768K Addi ng a f ul l s econd l eve l of uni t t r ees al l ows us t o connect 64
2
 192 = 786K
pr oces s or s . Thi s r equi r es a bi de l t a l eaf c l us t er f or each 192 pr oces s or s :
768K
192
=4K
The l owes t l eve l of uni t t r ees i s compos ed of uni t t r ees gi ven by t he f ol l owi ng:
768K
192
| {z }
a

d
z }| {
192
12
|{z}
b

1
64
|{z}
c
=1K
( a) i s t he number of bi de l t a c l us t er s t hat connect t o t hi s l eve l . ( b) i s t he number of uni t
t r ee s t acks neces s ar y t o s at i s f y t he bandwi dt h f or a s i ngl e B
192
bi del t a bl ock. ( c) i s t he
f r act i on of t he uni t t r ees f r om( b) t hat ar e act ual l y us ed by a s i ngl e bi de l t a bl ock. ( d) whi ch
i s t he pr oduct of ( c) and ( b) i s t he r at i o of t he number of bi de l t a c l us t er s t o uni t t r ee s t acks
r equi r ed t o bui l d t hi s r s t l eve l . The bandwi dt h out of t he t op of a uni t t r ee i s one- f our t h
t he bandwi dt h i nt o i t . Thus t he next l eve l wi l l onl y r equi r e one f our t h as many uni t t r ees :
1024
4
=256
Thi s br i ngs t he t ot al s t r uct ur e t o 4096 B
192
bi del t a c l us t er s and 1280 UT
648
uni t t r ee
s t acks .
General i zi ng
We can gener al i ze networ k s i zes and compos i t i on i n t erms of t he number of uni t t r ee
l ayer s us ed f or networ k cons t r uct i on. Agai n, N
l eaf
i s t he number of pr oces s or s compos i ng
a s i ngl e bi de l t a l eaf c l us t er . i i s a par amet er denot i ng t he t ot al number of s t ack l eve l s ,
i nc l udi ng t he l eaf c l us t er s t ack; i i s cons t r ai ned onl y t o be a non- negat i ve i nt eger gr eat er
t han one. The t ot al number of pr oces s or s s uppor t ed by a networ k wi t h i 1 uni t t r ee l ayer s
al l of t ype UT
648
i s t hus N
total
as s hown i n Equat i on 3. 1.
N
total
=64
(i 1)
 N
l eaf
( 3:1)
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Thi s r equi r es one bi de l t a c l us t er f or each N
l eaf
pr oces s or s .
N
bidel ta
=
N
total
N
l eaf
( 3:2)
The r s t l ayer of uni t t r ees i s compos ed of

N
leaf
12

1
64

UT
648
uni t t r ees f or each bi de l t a
c l us t er . Each s ucces s i ve l ayer r equi r es one- f our t h as many uni t t r ees s i nce t he bandwi dt h
out of t he t op of each uni t t r ee i s one- f our t h t he bandwi dt h i nt o t he bot t om. Thus t he
t ot al number of UT
648
uni t t r ees neces s ar y t o cons t r uct a networ k of s i ze N
total
i s s i mpl y
as gi ven by Equat i on 3. 3.
N
unit
=
i 1
X
j=1
 
N
total
N
l eaf

N
l eaf
12

1
64

1
4
(j 1)
!
=

N
total
12  64

0
B
@
1  

1
4

( i 1)
1  
1
4
1
C
A
=

N
total
576


1   4
(1 i )

( 3. 3)
Thus a networ k of N
total
pr oces s or s i s cons t r uct ed wi t h N
bidel ta
l eaf c l us t er s and N
unit
UT
648
uni t t r ees .
Us i ng capped uni t t r ees at t he t op l eve l , t he compos i t i on i s s l i ght l y di er ent . The t ot al
number of pr oces s or s i s gr eat er by a f act or of f our becaus e of t he ext r a r out i ng s t age .
N
total
=4  64
( i 1)
 N
l eaf
( 3:4)
The number of bi de l t a l eaf c l us t er s needed i s comput ed as bef or e .
N
bidel ta
=
N
total
N
l eaf
( 3:5)
The number of s t acks pr ogr es s es t he s ame. The di er ence her e i s t hat t he t op l eve l i s
cons t r uct ed out of UT
648c
uni t t r ees . Thus t he number of UT
648
uni t t r ees , N
unit
and
UT
648c
uni t t r ees N
cuni t
ar e comput ed by Equat i ons 3. 6 and 3. 7.
N
unit
=
i 2
X
j=1
 
N
total
N
l eaf

N
l eaf
12

1
64

1
4
(j 1)
!
=

N
total
576


1   4
(2 i )

( 3. 6)
N
cuni t
=
N
total
768  4
( i 2)
( 3. 7)
3. 3. 4 Al ternati ve Uni t Tree
I t i s al s o wor t hwhi l e t o cons i der an al t er nat i ve uni t t r ee s t r uct ur e . I n par t i cul ar , t hi s
neces s ar y i f we wi s h t o cons t r uct ent i r e l y f at - t r ee networ ks ; t hat i s i f we wi s h t o cons t r uct
networ ks t hat have pr oces s or s as l eaves r at her t han bi del t a c l us t er s . Al one, t he uni t t r ee j us t
des cr i bed i s i nadequat e f or t hi s pur pos e becaus e i t wi l l al ways pr ovi de at l eas t 8 connect i ons
i n each l ogi cal di r ect i on. To mat ch t he connect i ons t o a s i ngl e pr oces s or , we need a uni t
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t r ee t hat pr ovi des two l ogi cal connect i ons per di r ect i on. Thi s uni t t r ee can be us ed by i t s e l f
t o cons t r uct s uch a compl et e f at - t r ee networ k, or us ed onl y as t he bot t ommos t t r ee s t age
of a f at - t r ee networ k ut i l i z i ng UT
648
uni t t r ees f or t he cons t r uct i on of t he upper por t i on
of t he t r ee . For di s t i nct i on, t hi s uni t t r ee wi l l be r e f er r ed t o as UT
642
.
Faul t Tol erance
To get t he des i r ed two out put s , and hence i nput s , i n each l ogi cal di r ect i on, we es s ent i al l y
need t o s cal e down t he s i ze of t he uni t t r ee cons t r uct ed by a f act or of f our f r omt hat of
t he UT
648
uni t t r ee . I n nai ve l y s cal i ng down t he uni t t r ee s i ze , we encount er one pr obl em
at t he nal down r out i ng s t age . Each s i ngl e r out i ng component becomes cr i t i cal i n or der
t o pr ovi de networ k connect i vi t y t o f our pr oces s or s ; t hat i s , unl i ke t he component i n ot her
s t ages , i f one of t hes e component s f ai l , f our pr oces s or s wi l l become unr eachabl e .
Thi s i dent i cal s or t of pr obl emoccur s i n t he bi de l t a c l us t er s . As des cr i bed i n Sect i ons 1. 3
and 1. 5, t hi s was t he r eas on f or i mpl ement i ng t he al t er nat i ve congur at i on f or RN1 as two
s epar at e 4  4 cr os s bar s . Wi t h RN1 congur ed i n t hi s manner at t he bot t ommos t down
r out i ng s t age , i ns t ead of havi ng a s i ngl e component t hat makes t he nal r out i ng connect i on
t o 4 pr oces s or s , we have 2 component s t hat make t he nal connect i on t o 8 pr oces s or s . Thi s
way no s i ngl e component i s cr i t i cal t o t he f unct i onal i t y of t he networ k.
To avoi d havi ng a s i mi l ar pr obl emon t he i nput s , we al s o congur e t hes e as i n t he bi de l t a
congur at i on. Whi l e each pr oces s or wi l l us e onl y a s i ngl e connect i on i nt o t he networ k at
a t i me t o guar ant ee t hat t he networ k i s not over l oaded, each pr oces s or has two networ k
connect i ons . Each of t hes e networ k connect i on s houl d be connect ed t o di er ent r out i ng
component s . The pr oces s or t hen guar ant ees t o onl y us e one of t he two networ k connect i ons
at a t i me. I n t hi s manner , no s i ngl e component i n t he r s t up r out i ng s t age of t he networ k
i s cr i t i cal s i nce a gi ven pr oces s or can al ways or i gi nat e a connect i on t hr ough t he networ k
t hr ough ei t her of t he two r out i ng component s t o whi ch i t i s connect ed.
Si ze
The ent i r e UT
642
ends up bei ng one- quar t er t he s i ze of t he UT
648
uni t t r ee . AUT
642
i s t hus compos ed of a t ot al of 52 RN1 r out i ng component s . The s t ages ar e each compos ed
of one- f our t h as many r out i ng component s as t he cor r es pondi ng s t ages i n t he UT
648
uni t
t r ee s ummar i zed i n Tabl e 3. 4. The l ar ges t r out i ng l ayer has 16 component s . Thes e can be
ar r anged as 4  4 component s i n t he hor i zont al pl ane. Thi s makes each s i de of t he UT
642
r oughl y hal f t he s i ze of each s i de of t he UT
648
uni t t r ee . Thus each s i de of t he UT
642
uni t
t r ee wi l l be about one f oot l ong. The number of s t ages i s t he s ame between t he UT
642
and UT
648
uni t t r ees s o t hey wi l l be t he s ame hei ght .
Characteri sti cs
Thi s compos i t i on gi ves t he UT
642
uni t t r ee t he char act er i s t i cs s hown i n Tabl es 3. 5.
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Level Routi ng Components
0 16
1 16
2 12
3 8
Tabl e 3. 4: UT
642
Component Summar y
Total Bandwi dth Total Logi cal Channel s Capaci ty
Up f r omLeaves 128 64 2
Down t owar d Leaves 128 64 2
Up t owar d Root 32 1 32
Down f r omRoot 32 1 32
Tabl e 3. 5: UT
642
Bandwi dt h
Through Bandwi dth
As wi t h t he UT
648
uni t t r ee al l ver t i cal r out i ng vi as between r out i ng l eve l s i n t he s t ack
s t r uct ur e ar e cont ai ned i n t he r out i ng component s . Si nce t hi s i s onl y a s cal ed down ver s i on
of t he UT
648
uni t t r ee , we have no newpr obl ems wi t h ver t i cal t hr ough r out i ng bandwi dt h.
Bui l di ng Trees
Bui l di ng f at t r ees wi t h UT
642
uni t t r ees i s done i n much t he s ame manner as bef or e .
Thi s uni t t r ee can be us ed as t he onl y ki nd of uni t t r ee i n cons t r uct i ng t he f at - t r ee . Al t er -
nat e l y, i t can be us ed as t he l eaf node i n pl ace of t he bi de l t a c l us t er s , and t he UT
648
u i t
t r ee can be us ed t o bui l d t he r es t of t he s t r uct ur e f or t he t r ee . Us i ng UT
648
uni t t r ees
f or t he upper t r ee s t r uct ur e gi ves bet t er r out i ng per f ormance and i s hence pr ef er abl e . Thi s
di er ence i n r out i ng per f ormance ar i s es f r omt he us age of t he al t er nat e RN1 congur at i on
i n t he nal down r out i ng s t age of t he UT
642
uni t t r ee . Thi s makes t he UT
642
' s r out i ng
per f ormance s l i ght l y l es s des i r abl e t han t hat of t he UT
648
uni t t r ee wher e t he l as t s t age
i s congur ed normal l y.
Si nce t her e i s a per f ormance di er ent i al , i t s r eas onabl e t o onl y cons i der us i ng t he UT
642
uni t t r ees at t he bot t ommos t l ayer of t he f at - t r ee . The f at - t r ees s o cons t r uct ed ar e f r ee t o
be any power of 64.
N
total
=64
i
( 3:8)
One UT
642
uni t t r ee i s needed f or each 64 pr oces s or s . Thus t he t ot al number needed,
N
funit
, i s gi ven by Equat i on 3. 9.
N
funit
=
N
total
64
( 3:9)
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The number of UT
648
uni t t r ees i n t he next l eve l i s det ermi ned by mat chi ng t he t ot al
bandwi dt h out of t he t ops of t he UT
642
uni t t r ee l ayer wi t h t he bandwi dt h i nt o each
UT
648
uni t t r ee . As bef or e s ucces s i ve uni t t r ee l eve l s each r equi r e one- quar t er t he number
of t he uni t t r ees as t he pr ecedi ng l eve l . As s uch, Equat i on 3. 10 gi ves t he number of UT
648
uni t t r ees needed, N
unit
.
N
unit
=
i 1
X
j=1

N
total
64


32
512


1
4
(j 1)

=
i 1
X
j=1

N
total
256  4
j

=
4
3
 
1  

1
4

( i 1)
!
N
total
1024
=

1   4
(1 i )

N
total
768
( 3. 10)
Exampl e Us i ng two l eve l s of UT
648
s t yl e uni t t r ees on t op of one l eve l of UT
642
s t yl e
uni t t r ees , t he f at - t r ee networ k wi l l s uppor t 64
3
= 256Kpr oces s or s . Thi s r equi r es uni t
t r ees as f ol l ows :
N
funit
=
64
3
64
=64
2
=4K
N
unit
=
 
64
3
768
!

1   4
(1 3)

=320
3. 3. 5 Wi ri ng Detai l s f or Uni t Trees
As des cr i bed i n Sect i ons 1. 3. 2 and 3. 2. 2, i n or der t o s pec i f y mor e t han 8 bi t s of r out i ng
i nf ormat i on, t he r s t r out i ng byt e mus t be per i odi cal l y s t r i pped f r om t he dat a s t r eam.
Wi t hi n t he uni t t r ee s t r uct ur e , t hi s oper at i on s houl d l ogi cal l y be per f ormed at t hr ee pl aces .
1. ever y f our t h uni t t r ee up on up t he r out i ng pat h
2. at t he l at er al cr os s over s between t he up and down r out i ng t r ees
3. upon ent r ance of a uni t t r ee at t he t op down r out i ng l eve l when t he connect i on cr os s es
over hi gher up i n t he f at - t r ee .
The r s t cas e wi l l onl y be neces s ar y when mor e t han 8 bi t s ar e needed t o s pec i f y up r out i ng.
Thi s becomes neces s ar y onl y when we have mor e t han N
l eaf
 64
3
pr oces s or s s o wi l l not be
l i ke l y t o be neces s ar y i n t he near f ut ur e . The need f or l at er al cr os s over s i s des cr i bed i n
Sect i on 3. 2. 2. Recal l t hat t he wi r i ng cons t r ai nt s of Sect i on 2. 3 r ecommend t hat i nput s f r om
di er ent l ogi cal di r ect i ons be di s t r i but ed acr os s as many di er ent r out i ng component s as
pos s i bl e . As s uch, l at er al cr os s over i nput s wi l l onl y make up a f r act i on of t he i nput s t o a
gi ven r out i ng component and hence be congur ed di er ent l y t han t he r emai ni ng i nput s ;
f or t unat e l y, RN1 al l ows t he t he swal l owpr oper t y t o be congur ed i ndependent l y f or each
i nput . The l ogi cal pl ace f or s t r i ppi ng byt es i n t he downwar d pat h i s at t he ent r ance of
each uni t t r ee f r omhi gher i n t he f at - t r ee . Thi s pr ovi des t he mos t r egul ar pl ace f or t hi s
f unct i on. Thi s i s s omewhat non- opt i mal i n t hat t he swal l owoccur s between ever y 3 s t ages
of down r out i ng, as oppos ed t o ever y 4; t hi s means t hat t he r out i ng byt e i s be i ng changed
33
s l i ght l y mor e f r equent l y t han i t coul d be i n bes t cas e . As s uch t he l ow two bi t s of each
down r out i ng byt e ar e unus ed.
The r ot at i on of bi t s between uni t t r ee s t ages mus t be car ef ul l y ar r anged s o t hat al l
pat hs t hr ough t he f at - t r ee networ k r ot at e t he r out i ng bi t s equi val ent l y, as des cr i bed i n
Sect i on 3. 2. 3. Obvi ous l y, each byt e- wi de r out i ng pat h mus t be r ot at ed by 2 bi t s f ol l owi ng
each up r out i ng s t age and f ol l owi ng each down r out i ng s t age . Si nce t her e ar e onl y t hr ee
down r out i ng s t ages t hr ough each uni t t r ee , f ol l owi ng t he l as t down r out i ng s t age t her e
mus t act ual l y be a f our bi t r ot at i on s o t hat t he bi t s ar e cor r ect l y al i gned t o ent er t he
f ol l owi ng uni t t r ee . The l at er al cr os s over connect i ons pos e t he l eas t s t r ai ght f orwar d bi t
r ot at i ons . Each l at er al cr os s over mus t guar ant ee t hat as t he connect i on ent er s t he down
r out i ng pat h, t he bi t r ot at i on i s cons i s t ent wi t h t he poi nt at whi ch t he down r out i ng pat h i s
ent er ed. Whi l e t hi s i s eas y enough t o guar ant ee , t hi s i mpl i es t hat t he amount of r ot at i on i n
each cr os s over wi l l di er dependi ng on t he hei ght of t he uni t t r ee i n t he f at - t r ee ; t hi s r es ul t
f r omt he di er ence i n t he l engt h of t he up r out i ng pat h t r aver s ed bef or e encount er i ng t he
cr os s over . Thi s r equi r ement unf or t unat e l y, f or ces uni t t r ees t o di er s l i ght l y dependi ng
upon whi ch l ayer of t he f at - t r ee t hey ar e i mpl ement i ng. The eect of t hi s di er ence can be
mi ni mi zed by l ocat i ng t he neces s ar y r ot at i on di er ence ent i r e l y i n t he hor i zont al pc- r out i ng
boar d j us t above t he up r out i ng s t age . Thi s l ocal i zes t he di er ence i n uni t t r ees t o a s i ngl e
hor i zont al r out i ng boar d. Of cour s e , s i nce t he f our s t ages of t wo bi t r ot at i ons r et ur n t he
r ot at i on t o t he or i gi nal r ot at i on, at mos t f our s uch di s t i nct boar ds wi l l be neces s ar y t o
bui l d an ar bi t r ar i l y l ar ge f at - t r ee .
3. 3. 6 Wi re Accounti ng
Ther e ar e a l ar ge number of wi r es ent er i ng and l eavi ng each uni t t r ee s t ack i n or der
t o pr oper l y connect t he uni t t r ee i n t he networ k. Thes e wi r es , by neces s i t y mus t go t o
a number of di er ent l ocat i ons . Whi l e each dat a pat h of 9 wi r es coul d go t o a di er ent
des t i nat i on, act ual l y al l owi ng t hem t o do s o woul d unneces s ar i l y compl i cat e t he wi r i ng
pat t er n. To pr event t hi s , we woul d l i ke t o gr oup t oget her r eas onabl y s i zed wi r e bundl es t o
i nt er connect uni t t r ees and connect uni t t r ees t o l eaf nodes .
UT
648
The bandwi dt h ent er i ng and l eavi ng t he bot t omof t he UT
648
uni t t r ee s t ack i s l ogi cal l y
s egr egat ed i nt o 64 di r ect i ons each of whi ch i s 8 channel s wi de. Each channel i s compos ed
of 9 bi t s . Ther e ar e equal l y many channel s goi ng bot h i nt o t he s t ack f r om bel ow and
downwar d out of t he s t ack. Gr oupi ng t hi s t oget her , we have 2  8  9 =144 wi r es i n each
l ogi cal di r ect i on. I t makes s ens e t o us e t hi s i s a t he s t andar d wi r e bundl e s i ze .
The bandwi dt h l eavi ng t he t op of one of t hes e uni t t r ees i s compos es a s i ngl e l ogi cal
di r ect i on. However , s i nce i t wi l l i n t ur n be connect i ng t o ot her UT
648
uni t t r ees , i t makes
mos t s ens e t o us e t he s ame wi r e bundl e s i ze . Si nce t her e ar e onl y one- f our t h t he bandwi dt h
exi t i ng t he t op of t he s t ack, t her e wi l l onl y be 16 s uch bundl es out of t he t op of a uni t t r ee .
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Uni t Tree Type Number of Bundl es Bundl es Si ze Total Wi res
UT
648
Bot t om 64 144 9216
Top 16 144 2304
UT
648c
Bot t om 64 144 9216
Top 12 144 1728
UT
642
Bot t om 64 36 2304
Top 4 144 576
Tabl e 3. 6: Uni t Tr ee Wi r e Bundl i ng f or Ext er nal Connect i ons
UT
648c
Si nce t he capped uni t t r ee , UT
648c
, i s s i mpl y a var i at i on on t he UT
648
, i t i s ver y
s i mi l ar . The bandwi dt h i nt o t he bot t omi s i dent i cal t o t he UT
648
cas e . The wi r es out
of t he t op ar e di er ent . I n t hi s cas e , each uni t t r ee wi l l pot ent i al l y be connect i ng t o 3 or
mor e ot her s . For cons i s t ency, bundl es of 144 wi r es can be us ed her e as wel l . Ther e ar e
t hr ee l ogi cal di r ect i ons out of t he t op of a UT
648c
; each di r ect i on has wi t h one- f our t h of
t he t ot al bandwi dt h out of t he t op of t he UT
648
. Thi s gi ves us 4 bundl es of 144 wi r es f or
each of t he 3 l ogi cal di r ect i ons .
UT
642
The bandwi dt h i nt o t he bot t omof t he UT
642
uni t t r ee i s di s t r i but ed as 64 pai r s of
channel s . Thi s means t her e ar e 2  2  9 =36 wi r es i n each l ogi cal di r ect i on. Agai n, t he
bandwi dt h out of t he t op of t he uni t t r ee i s one l ogi cal uni t . Thi s t op bandwi dt h needs t o
be di vi ded i nt o bundl es t he s ame s i ze as t hos e out of t he bot t omof t he UT
648
uni t t r ees
t o whi ch t hi s wi l l be connect i ng. Thi s means t he t op bandwi dt h s houl d be br oken down
i nt o 4 bundl es of 144 wi r es each.
Uni t Tree External Bundl e Summary
Tabl e 3. 6 s ummar i zes t he bundl es i n and out of t he uni t t r ees di s cus s ed i n t hi s s ect i on.
3. 4 Geometry
3. 4. 1 Basi c Properti es
Fr omt he pr ecedi ng s ect i on, we s ee t hat t he t ot al number of uni t t r ees needed t o con-
s t r uct each l eve l decr eas es by a f act or of f our on each s ucces s i ve l eve l t owar d t he t r ee r oot .
Looki ng at t he compos i t i on of each uni t t r ee , we s ee a common conver gence f r om64 uni t s
of a gi ven s i ze at one s t age t o 16 s uch uni t s at t he next phys i cal s t age up t he t r ee . The s i ze
of t hes e uni t s i nvol ved i n t he conver gence i ncr eas es f r oma s i ngl e s t ack at t he r s t s t age by
a f act or of 16 f or each s ucces s i ve s t age .
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Exampl e Looki ng back at t he 768Kpr oces s or exampl e of Sect i on 3. 3. 3, t he t ermi nal l eve l
i s compos ed of 4096 B
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s t acks , t he bot t omt r ee l eve l of 1024 UT
648
s t acks , and t he t op
t r ee l eve l of 256 UT
648
s t acks . The conver gence at t he r s t l eve l i s f r om64 B
192
s t acks t o
a s et of 16 UT
648
s t acks . At t he next l eve l , t hes e s et s of 16 UT
648
s t acks f ormt he bas i c
l ogi cal uni t . Si xt y- Four of t hes e uni t s , whi ch i s 64  16 =1024 UT
648
s t acks , conver ge t o
16 of t hes e s et s of 16 UT
648
s t acks at t he r oot l eve l . Thes e 16  16 =256 UT
648
s t acks
t hen f ormt he r oot s t r uct ur e f or t he f at - t r ee .
3. 4. 2 Growth
Ther e i s no r ecur s i ve l y r epeat abl e , t hr ee- di mens i onal s t r uct ur e t hat keeps i nt er - s t age
i nt er connect i on di s t ances cons t ant . Thi s can eas i l y be s een by not i ng t hat :
 The number of component s needi ng i nt er connect gr ows exponent i al l y.
 Keepi ng i nt er - s t age di s t ances cons t ant , t he t hr ee- di mens i onal s pace of candi dat e l o-
cat i ons f or component s i s bounded by cubi c gr owt h.
Thus , t her e i s no way t o pr event i nt er - s t age del ays f r omgr owi ng between s ucces s i ve l eve l s
as t he s ys t emi s s cal ed up i n s i ze . At bes t , we can hope t o keep t he i nt er - s t age del ay gr owt h
down t o a r eas onabl e l eve l .
Not e , however , t hat s i nce t he number of pr oces s or s gr owas 64
i
, t he s ys t emgr ows ver y
r api dl y. As s uch, we need onl y accommodat e a f ew s t ages of gr owt h i n or der t o bui l d t he
networ ks of i nt er es t i ng s i ze f or t he near f ut ur e .
3. 4. 3 Hol l owCubes
Anat ur al appr oach t o accommodat i ng t hi s 4: 1 conver gence i n a wor l d l i mi t ed t o t hr ee-
di mens i ons , i s t o bui l d hol l ow cubes . I f we s e l ect one s i de as t he \t op" of t he cube, t he
f our s i des can accommodat e f our t i mes t he s ur f ace ar ea of t he t op, and nat ur al l y f our t i mes
t he number of r out i ng s t acks of a gi ven s i ze . As s uch, t he \s i des " cont ai n t he conver gi ng
s t acks f r omone l eve l , and t he \t op" cont ai ns t he s et of s t acks at t he next l eve l up t he t r ee
t o whi ch t he \s i de" s t acks ar e conver gi ng. The r emai ni ng s i de wi l l r emai n open, f r ee of
s t acks . Thi s l as t s i de coul d be us ed t o s hor t en wi r es s l i ght l y f ar t her , but ut i l i z i ng i t i n t
manner woul d decr eas e acces s i bi l i t y ( s ee Sect i on 3. 4. 5 f or f ur t her di s cus s i on of t hi s i s s ue
To s t ar t , l et us cons i der t he r s t l eve l of conver gence of t he f at - t r ee s t r uct ur e . We want
t o connect 64 s t acks of a gi ven s i ze t o s ome number of ot her s . Par t i cul ar l y, we wi s h t o
connect : 64 l eaf nodes t o
N
leaf
12
UT
648
' s or 64 UT
642
' s t o 4 UT
648
' s . Each s i de i s made
of 16 s t acks of t he l eaf s i ze . Each s i de i s cons t r uct ed by l ayi ng out t he 16 cons t i t uent s t acks
i nt o a 4  4 ar r ay. The t op wi l l be of compar abl e s i ze dependi ng on t he r e l at i ve s i ze of
t he s t acks at each f at - t r ee l eve l . Fi gur e 3. 1 s hows a hol l ow cube congur at i on i n whi ch
t he s t acks at each s t age ar e of equi val ent s i ze ( e.g. t hi s wi l l be t he cas e when t he l ower
l eve l i s B
192
l eaf c l us t er s and t he t op i s UT
648
uni t t r ees ) . Fi gur e 3. 2 s hows a hol l owcube
congur at i on wher e t he t op l eve l s t acks ar e f our t i mes t he s i ze of t he l ower l eve l ( e.g. t hi s
woul d be cas e when on t he r s t l eve l of a f ul l f at - t r ee networ k i n whi ch t he t op l eve l was
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Fi gur e 3. 1: Fi r s t Level Hol l owCube Geomet r y
Fi gur e 3. 2: Hol l owCube wi t h Top and Si de St acks of Di er ent Si zes
cons t r uct ed f r omUT
648
uni t t r ees and t he bot t ommos t s t age was compos ed of UT
642
uni t
t r ees ) .
At t he next s t age of conver gence , we t r eat t he uni t we j us t cr eat ed as t he bas e uni t .
Thes e can be ar r anged s uch t hat t he t ops of t hes e hol l ow cube uni t s ar e t r eat ed as t he
bas i c uni t s t r uct ur e f or t hi s next s t age . Then we ar r ange a pl ane of 4  4 of t hes e f or each
s i de . Apl ane of uni t t r ees of s i ze equal t o each of t he s i des i s t hen us ed f or t he \t op". Thi s
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Fi gur e 3. 3: Second Level Hol l owCube Geomet r y
next s t age i s s hown i n Fi gur e 3. 3 as t he nat ur al ext ens i on of Fi gur e 3. 1. Thi s pr ogr es s i on
can be cont i nued i n t hi s manner ad initum.
3. 4. 4 Convergence Si ze
Beyond t he r s t l eve l , t he s i ze pr ogr es s i on i s f ai r l y s t r ai ght f orwar d. The s i de s i ze wi l
gr ow by 4 at each s ucces s i ve s t age s i nce t he s i ze gr owt h of 16 i s accommodat ed i n two
di mens i ons .
At t he r s t l eve l , t he s i ze of conver gence depends on t he s i ze of t he l eaf s t acks us ed
compar ed t o t he UT
648
' s t o whi ch t hey connect . Les s UT
648
' s wi l l be r equi r ed t he smal l er
t he l eaf s t ack s i ze . I n gener al 64 l eaf s t acks connect t o
N
leaf
12
UT
648
s t acks . Fr omt hi s we
can det ermi ne t he s i de s i ze of t he i ni t i al conver gence s quar e , or \t op", and hence t he s i de
l engt h f or t he hol l owcube. The s i de s i ze f or t he cube wi l l be t he gr eat er of t he s i de s i ze of
t he \t op" and t he s i de s i ze of t he \s i des ". Let l
ut
be t he l engt h of t he s i de of a UT
648
s t ack
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and l
l eaf
be t he s i de l engt h f or l eaf s t ack; t hes e l engt hs wi l l be as gi ven by Equat i ons 3. 11
and 3. 12, r es pect i ve l y. The l engt h of a cube s i de i s t hen, l
s
, as gi ven i n Equat i on 3. 13.
l
ut
= 2  8  s
chip
( 3. 11)
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( 3. 12)
l
s
= max
0
@
4l
l eaf
;
2
6
6
6
s
N
l eaf
12
3
7
7
7
l
ut
1
A
= max
0
@
16s
chip
2
6
6
6
s
N
l eaf
12
3
7
7
7
; 8s
chip
2
6
6
6
s
N
l eaf
3
3
7
7
7
1
A
( 3. 13)
As des cr i bed i n Sect i on 3. 1. 3, N
l eaf
wi l l al ways be a mul t i pl e of t hr ee . For al mos t al l s i zes
of i nt er es t , N
l eaf
wi l l al s o be a mul t i pl e of f our . As s uch, t he component ar r angement s
wi l l al ways be a s quar e number and t he ce i l i ng f unct i ons can be dr opped. Thi s r educes
t he two ar gument s of t he max f unct i on t o s ame expr es s i on. So Equat i on 3. 13 r educes t o
Equat i on 3. 14.
l
s
=8s
chip
0
@
s
N
l eaf
3
1
A
( 3:14)
The f act t hat t he two l engt hs r educed t o es s ent i al l y t he s ame expr es s i on was pr edi ct abl e
s i nce t he bandwi dt h out of t he t op of a s t ack i s one- quar t er t he bandwi dt h i nt o i t s bot t om.
The f our s i de bandwi dt hs , whi ch ar e al l f r omt he t op of s t acks mat ch t he bandwi dt h of t he
bot t omof t he s t acks on t he \t op". The s ur f ace ar ea i s pr opor t i onal t o bandwi dt h i n t hi s
congur at i on.
3. 4. 5 Features
Whi l e t hi s hol l owcube s t r uct ur e may not be t he mos t compact s t r uct ur e , i t does exhi bi t
a number of ni ce pr oper t i es .
I t expos es t he ent i r e s ur f aces whi ch ar e i nt er connect ed t o one ot her . Si nce t he band-
wi dt h of t he i nt er connect i on i s l ar ge l y s ur f ace ar ea l i mi t ed, t hi s al l ows maxi mumexpos ur e
of t he ar eas t hat need t o be connect ed.
Si nce t he s t r uct ur e i s \hol l ow" t he connect i ons can be wi r ed t hr ough t he f r ee- s pace i n
t he cent er . Wi r i ng t hr ough f r ee- s pace i n t hi s manner , t he maxi mumwi r e l engt h i s onl y
p
3
t i mes t he l engt h of a s i de . Thi s maxi muml engt h i ncr eas es by r oughl y a f act or of 4 ever y
t i me we i ncr eas e t he number of pr oces s or s by a f act or of 64. Thi s f act or of f our i ncr eas e i n
s i ze i s due t o t he f act or of f our gr owt h i n s i de s i ze f or each s ucces s i ve l eve l of t he hol l o
cube.
1
1
As this continues, i t wi l l al so be necessary to take the size of the \sides" of each square into account,
making the increase somewhat more than a factor of four; for the sizes of present interest, this i s not a real
i ssue.
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Thi s s t r uct ur e i s hi ghl y r epl i cabl e . The pr ogr es s i on des cr i bed i n Sect i on 3. 4. 3 can be
cont i nued ar bi t r ar i l y. The gr owt h i n wi r e l engt hs may, however , pr ove t o be undes i r abl e
f or ver y l ar ge s t r uct ur es .
I n t hi s f orm, t he i ndi vi dual s t acks ar e r eas onabl y acces s i bl e f or r epai r . Si nce t he cubes
ar e hol l ow, i t i s pos s i bl e t o get at any i ndi vi dual s t ack wi t hout movi ng any ot her s t acks .
Thi s s houl d al l ow r epai r and i ns pect i on wi t hout i nt er f er i ng wi t h t he bul k of t he networ k
oper at i on. Ther e may be s ome di cul t y wi t h acces s i bi l i t y due t o t he mas s of wi r e i ns i de
t he cube, but per haps t hi s can be mi ni mi zed ( s ee Sect i on 3. 5. 3) . The \mi s s i ng" s i xt h wal l
of t he cube can be us ed t o al l owent r ance i nt o t he cent er of t he s t r uct ur e f or mai nt enance
and r epai r .
3. 4. 6 Optimal i ty
Thi s s ol ut i on s eems pr act i cal whi l e gi vi ng r eas onabl e per f ormance f or t he s i zes of i nt er es t
f or t he next decade. I t i s not known t o be opt i mal f or mi ni mi z i ng t he i nt er - s t age wi r i ng
di s t ances . Fi ndi ng an opt i mal s ol ut i on t hat r et ai ns adequat e acces s i bi l i t y t o be of pr act i ca
i nt er es t i s s t i l l an open i s s ue .
3. 5 Hol l owCube Constructi on
3. 5. 1 Structure Si ze
Recal l f r omSect i ons 3. 3. 1 and 3. 3. 4 t hat each UT
648
uni t t r ee i s r oughl y two f eet s quar e
and one and a hal f i nches t al l whi l e UT
642
i s r oughl y one f oot s quar e . Ar r angi ng t hes e ,
or s i mi l ar l y s i zed bi de l t a l eaf c l us t er s i n 4  4 gr i ds and bui l di ng cubes as j us t des cr i be
i n Sect i on 3. 4, cr eat es s t r uct ur es wi t h s i des between 4 and 8 f eet l ong. Fol l owi ng t hi s
pr ogr es s i on one s t ep f ur t her , we s ee t hat t he s i de l engt hs gr owt o between 16 and 32 f eet .
Cl ear l y, networ ks of t hi s s i ze , i n cur r ent t echnol ogy, ar e r oomand bui l di ng s i zed ent i t i es
not s omet hi ng t o put on your des k t op.
3. 5. 2 Structure
To achi eve t he hol l owcube s t r uct ur e of Sect i on 3. 4, i t i s neces s ar y t o cons t r uct \r ooms "
f or networ ki ng. The \wal l s " of t hes e \r ooms " wi l l be t i l ed wi t h s t acks i n t he 4 4 ar r ange-
ment des cr i bed, as wi l l be t he \ce i l i ng". Thes e s t acks whi ch t i l e t he wal l s and cei l i ng wi l l
be ar r anged s uch t hat t he t ops of t he wal l s t acks f ace i nt o t he r oom, and t he bot t oms of
t he ce i l i ng s t acks f ace i nt o t he r oom. The wal l and cei l i ng t hi cknes s wi l l be r e l at i ve l y smal
s i nce t he s t acks ar e t hi n. Cur r ent pr o j ect i ons ar e f or t he s t acks t o be about 1:5
00
t hi ck. I n
s ome cas es , i t wi l l be appr opr i at e f or t he \ce i l i ng" s t r uct ur e t o be s omet hi ng ot her t han
t he t op or act ual ce i l i ng of t he r oom; a r evi ewof Fi gur e 3. 3 wi l l make t hi s poi nt c l ear . Thi s
s houl d pos e no addi t i onal pr obl ems .
To hol d t hes e s t acks i n pl ace , t he wal l wi l l be a s t r uct ur al gr i d. I t wi l l be s i mi l ar t o a
r ai s ed oor wher e t he s t acks ar e anal ogous t o t i l es and t he wal l s t r uct ur e i s anal ogous t o
t he oor gr i d whi ch s uppor t s t he t i l es . Thi s gr i d pr ovi des s i t es f or each of t he s t acks . I t
wi l l t hen be pos s i bl e t o s l i de t he s t acks i n and out of t he i r s i t es , and \l ock" t hemi nt o pl ace .
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Due t o t he s i ze and nat ur e of t hi s s t r uct ur e , t he wal l wi l l al s o have t o pr ovi de s t r uct ur al
s uppor t . Addi ng an addi t i onal \r eal " wal l t o s uppor t t he s t r uct ur e woul d pr event c l os e
packi ng and r equi r e t he s t r uct ur e t o be much l ar ger .
The gr i d s t r uct ur e s uppor t i ng t he s t acks wi l l al s o need condui t s t o al l owt he uor i ner t
whi ch cool s t he s t acks t o owt o t he s t acks . Si mi l ar l y, condui t s f or power s uppl y connect i ons
wi l l al s o be needed. The act ual uor i ner t pumps and power s uppl i es can be pl aced i n
adj acent r ooms or on t he s i xt h s i de of t he cube.
3. 5. 3 Wi ri ng
I nt er connect i on s i gnal wi r i ng wi l l be r out ed t hr ough t he f r ee- s pace i n t he cent er of t he
r oom.
Wi re Frames
I ns t ead of connect i ng t he wi r e bundl es di r ect l y t o each s t ack, t hes e wi l l be wi r ed t o a
wi r i ng f r ame. Thi s wi r i ng f r ame i s a uni t at t ached t o t he s t r uct ur al gr i d of t he wal l and
wi l l s er ve as a hat ch- door on each r out i ng s i de of a s t ack. Al l t he wi r es t o a s t ack ar e
connect ed t o t he wi r i ng f r ame. When t he wi r i ng f r ame i s c l os ed and l ocked i nt o pos i t i on,
i t wi l l be compr es s ed di r ect l y agai ns t t he r out i ng s t ack. The compr es s i on makes e l ect r i cal
cont act between t he s t ack and t he connect i ng wi r es es t abl i s hi ng s i gnal ow. The wi r es ar e
wi r ed t o t he wi r i ng f r ames i ns t ead of t he s t ack t o f ac i l i t at e r epai r and eas e of acces s t o
each s t ack. Thi s s cheme al l ows a s t ack t o be changed wi t hout t he need t o di s connect and
r econnect wi r es f r om80 or mor e di er ent s our ces . Wi t h t he wi r i ng f r ame, t he f r ame can
s i mpl y be opened t o r epl ace a s t ack.
The wi r e f r ame i s \l ocked" i nt o pl ace when cl os ed. Thi s al l ows uor i ner t and power t o
ow i nt o t he s t ack. When a f r ame i s \unl ocked" t o r emove a s t ack, s ever al t hi ngs s houl d
happen. The power t o t he s t ack s houl d be cut . The uor i ner t owt o t he s t ack s houl d al s o
ceas e , and t he uor i ner t i n t he s t ack s houl d be dr ai ned. Addi t i onal l y, i t may be neces s ar y
t o t ermi nat e t he t r ansmi s s i on l i nes i n s ome wel l - behaved manner f or t he s ake of t he r es t of
t he networ k. When t he f r ame i s \r e- l ocked", t he uor i ner t owwi l l need t o be r es umed.
Once t he s ys t emhas had t i me t o r el l wi t h uor i ner t and get adequat e power , i t s houl d
be go t hr ough a r es et s equence s o t hat i t comes onl i ne i n a cons i s t ent manner .
Opti cal Connecti ons
Whi l e t he hol l owcube pr ovi des adequat e s pace f or t he wi r i ng r equi r ed, t he wi r i ng wi t hi n
t he cube wi l l s t i l l be qui t e f ormi dabl e . Keepi ng t r ack of t he l ar ge quant i t y of wi r es wi l l be
a s er i ous t as k, es pec i al l y when pr obl ems occur wi t h wi r i ng conduct i vi t y.
An al t er nat i ve t hat may be t echni cal l y vi abl e by t he t i me one of t hes e networ ks i s
act ual l y cons t r uct ed woul d be t o us e opt i cal i nt er connect i ons t o pr ovi de t he wi r i ng t hr ough
t he cube. The cube i s bas i cal l y f r ee- s pace s o t hat each l i ght beamneed onl y be ai med at
i t s appr opr i at e r ece i ver i n or der t o eect i nt er connect . Si nce l i ght beams wi l l not i nt er f er
wi t h each ot her , t her e wi l l be no need t o wor r y about t he t hr ee- di mens i onal wi r i ng pr obl em
of avoi di ng i nt er f er ence i n t he cent er of t he cube. [ Ber gman 86] and [ Wu 87] di s cus s ear l y
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wor k t o pr ovi de l ar ge s cal e opt i cal i nt er connect f or VLSI s ys t ems . Of par t i cul ar i nt er es t i s
t he i r us e of a hol ogr aphi c opt i cal e l ement t o di r ect opt i cal beams f or i nt er connect i ons and
t he pot ent i al f or adapt i ve and dynami c connect i on r econgur at i on.
Wi t h opt i cal i nt er connect , s i gnal pr opagat i on t i me acr os s t he connect i on i s l es s s ens i t i ve
t o wi r i ng mat er i al s . Long el ect r i cal connect i ons wi l l have del ay pr opor t i onal t o bot h wi r e
l engt h and t he permi t i vi t y of t he mat er i al ( 
r
) s gi ven by Equat i on 3. 15 wher e c i s t he
s peed of l i ght .
t
wi r e
=
l
wi r e
p

r
c
( 3:15)
Long opt i cal i nt er connect i on, i n cont r as t , comes c l os er t o t he f undament al l i mi t pos ed by
t he s peed of l i ght as gi ven by Equat i on 3. 16 [ Ki ami l ev 89] .
t
opt i cal i nt er connect
=
l
c
( 3:16)
Wi t hout wi r es occupyi ng vol ume i n t he cent er of t he cube, t he whol e i nt er i or of t he
cube woul d be much mor e acces s i bl e f or r epai r and mai nt enance.
One pot ent i al pr obl emt hat woul d ar i s e wi t h opt i cal i nt er connect i s keepi ng t he mi l -
l i ons of l as er connect i ons i n pr oper al i gnment . Thi s coul d be a ver y har d t as k and al i gn-
ment mi ght pr ove ver y s ens i t i ve t o r epai r oper at i ons wi t hi n t he cube. Adapt i ve al i gn-
ment s chemes woul d vi r t ual l y be a neces s i t y t o make t he ne al i gnment of a s ys t emof
t hi s s i ze t r act abl e . Adapt i ve al i gnment woul d al l ow t he s ys t emt o s e l f adj us t i t s e l f i nt o
pr oper congur at i on. Per haps a mat ur e ver s i on of t he pr ogr ammabl e opt i cal i nt er connect
of [ Ki ami l ev 89] woul d pr ovi de a pot ent i al candi dat e f or s uch adapt i ve al i gnment .
I f ut i l i zed, t he opt i cal i nt er connect woul d, of cour s e , be i nt egr at ed as par t of t he wi r i n
har nes s .
3. 5. 4 Mai ntenance
One ver y i mpor t ant i s s ue f or t he hol l owcube i s t hat mai nt enance i s pos s i bl e , and t hat
i t i s pos s i bl e whi l e t he machi ne i s i n oper at i on. Wi t h a s ys t emof t hi s s i ze , and neces s ar i l y
expens e , ext ens i ve down t i me wi l l be expens i ve . Addi t i onal l y, wi t h a s ys t emt hi s l ar ge , t he
number of f ai l ur es per uni t t i me i s neces s ar i l y pr opor t i onal l y l ar ger t han i n smal l s ys t ems .
As a r s t l i ne of def ens e agai ns t t hes e pr obl ems t he s ys t emi s des i gned t o be f aul t t ol er ant .
When f aul t s do occur , however , i t wi l l be neces s ar y t o x t hembef or e t hey accumul at e . I t
i s ver y des i r abl e t o be abl e per f orms uch r epai r s wi t hout compl et e l y di s abl i ng t he machi ne .
The \unus ed" s i xt h s i de of t he cube pr ovi des acces s i nt o t he i nt er i or of t he cube. On
t hi s f ace a door or hat ch can be pl aced t o al l owacces s i nt o t he i nt er nal s t r uct ur e . Wi t h t he
i ndi vi dual s t acks l ai d out cont i guous l y al ong t he wal l s and cei l i ng, each i s r eadi l y acces s i b
wi t hout any need t o di s pl ace any ot her s t acks .
As i ngl e s t ack can be r emoved and r epl aced r e l at i ve l y qui ckl y. Wi t h t he wi r i ng at t achi ng
t o t he wi r e f r ame, t he whol e oper at i on of r epl ac i ng a f aul t y s t ack can be moder at e l y s hor t .
The f aul t y s t ack needs r s t t o be l ocat ed. Once l ocat ed, i t s wi r i ng- f r ame can be \unl ocked".
The s t ack can t hen be r epl aced and t he wi r i ng- f r ame \r e l ocked" al l owi ng t he networ k t o
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r et ur n t o normal oper at i on. The s t ack whi ch has j us t been r emoved can t hen be t aken
el s ewher e s o t hat i t s f aul t s can be i dent i ed and r epai r ed.
Si nce t her e ar e r edundant pat hs t hr ough t he networ k us i ng di er ent i nt er veni ng s t acks
f or r out i ng, i t wi l l be pos s i bl e t o r emove an ent i r e s t ack f r omt he networ k whi l e t he r es t
of t he networ k r emai ns i n oper at i on. The pr act i cal eect of t hi s wi l l be t hat s ome f r act i on
of t he bandwi dt h wi l l be \mi s s i ng" or r at her appear f aul t y; t hi s i s how i t woul d l ooked
anyway i f much of t he r out i ng s t ack was f aul t y. The networ k s houl d be wi r ed s uch as t o
guar ant ee t hat each out put f r omone l eve l of t he networ k can r out e t hr ough s ever al di er ent
s t acks at t he next l eve l . Wi t h t hi s pr oper t y and pr oper t ermi nat i on of t he connect i ons t o
t he r emoved s t ack, t he networ k wi l l s i mpl y f ai l t o r out e any connect i ons whi ch at t empt
t o t r aver s e t he s t ack bei ng r epl aced. The or i gi nat i ng pr oces s or wi l l t hen r et r y t he f ai l ed
connect i ons l at er and ei t her ut i l i ze anot her pat h t hr ough t he networ k, or t he s ame one af t er
t he r epl acement s t ack i s power ed up.
3. 5. 5 Technol ogy Scal i ng
Thes e cons i der at i ons , and t he s i zes as s umed t hr oughout t hi s wor k, ar e bas ed mos t l y on
cur r ent , us abl e t echnol ogy. Cer t ai nl y, as i nt er connect t echnol ogy i ncr eas es and packagi ng
s i zes di mi ni s h f ur t her , t hi s s t r uct ur e can s i mi l ar l y decr eas e i n s i ze . Thi s decr eas e i n s i ze w
l i near l y t r ans l at e di r ect l y t o i mpr ovement s i n t he i nt er connect s peed between component s
and s t ages .
One t echnol ogy t hat wi l l per haps be f eas i bl e by t he t i me s ys t ems of t hi s s i ze become of
r eal pr act i cal i nt er es t i s t he ki nd of packagi ng us ed on t he Cr ay I I I [ Cr ay 89] . Ut i l i z i ng t hi
ki nd of t echnol ogy woul d al l owt he s i ze of t he component s t r uct ur es , and t hus t he r es ul t i ng
s t r uct ur e , t o be di mi ni s hed by about a f act or of f our t o s i x. Si mi l ar l y, pr os pect s of waf er
s cal e i nt egr at i on oer r oughl y t he s ame s i ze s cal i ng advant ages .
3. 6 Long Wi res
I t s houl d be c l ear f r omSect i on 3. 5. 1 t hat l ong wi r es wi l l be r equi r ed f or i nt er connect i on
between uni t t r ee s t acks . Her e long wires ar e any wi r es whos e l engt h mus t be l onger t han
t he l onges t wi r e wi t hi n a uni t t r ee s t ack.
3. 6. 1 Strategy
The cl ock cycl e on t he uni t t r ee and bi del t a s t acks wi l l be opt i mi zed t o be as s hor t as
pos s i bl e gi ven t he oper at i onal s peed of t he r out i ng component and t he l engt h of t he l onges t
wi r e i n t he uni t t r ee . Thi s means i t wi l l neces s ar i l y t ake mul t i pl e c l ock cycl es f or dat a t o
t r aver s e t hes e l ong wi r es between uni t t r ee s t acks . I t i s pos s i bl e t o pl ace mul t i pl e dat a bi t
on a s et of wi r es s i mul t aneous l y, but we mus t be car ef ul t hat t he dat a i s kept i n pr oper
phas e wi t h t he c l ock i n or der t o as s ur e pr oper behavi our of t he r out i ng chi p. The pr oper
phas e can be as s ur ed i n e i t her of a coupl e of ways . The i nt er connect i on wi r e l engt hs can
be car ef ul l y chos en s uch t hat t hei r de l ays ar e al ways i nt eger mul t i pl es of l engt h of t he uni t
t r ee c l ock cycl e . I n t hi s manner , t he phas e i s pr es er ved by guar ant ee i ng t he del ay t hr ough
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t he wi r e i nt er connect i on i s s uci ent l y wel l behaved. Al t er nat e l y, t apped del ay l i ne buer s
can be us ed t o i ns ur e t hat t he dat a i s pr es ent ed i n t he pr oper phas e r e l at i on wi t h t he
uni t t r ee c l ock. A s cheme s i mi l ar t o [ Ret t ber g 87] can be us ed f or t hi s pur pos e . I f opt i cal
i nt er connect i s us ed ( Sect i on 3. 5. 3) , us i ng wi r es t o mat ch i nt er connect del ays t o t he phas e
of t he dat a wi l l not be pos s i bl e . I n s uch a cas e i t woul d be neces s ar y t o us e t he t apped
del ay l i ne al t er nat i ve .
Thi s s cheme wi l l neces s ar i l y i ncr eas e t he l at ency of a connect i on, but t he i ncr eas ed
l at ency i s i nevi t abl e gi ven t he geomet r i c cons t r ai nt s of r out i ng. Thi s s cheme does manage
t o mi ni mi ze t he eect s of s cal i ng on l at ency by onl y s l owi ng down t hos e i nt er connect i on
s t ages whi ch mus t be l ong.
3. 6. 2 Requi rements
The onl y addi t i onal r equi r ement s t hi s s cheme pos es i s on RN1, t he r out i ng component .
I n par t i cul ar l y, i t onl y r equi r es di er ent behavi our f r omRN1 when a connect i on i s t ur ned
ar ound ( s ee Sect i on 1. 3) . Cur r ent l y, RN1 expect s t o get val i d dat a i n t he new di r ect i on
of ow two cl ock cycl es f ol l owi ng t he r ecept i on of a byt e i ndi cat i ng i t s houl d t ur n t he
connect i on ar ound. The addi t i on of a s i ngl e c l ock cycl e ' s wor t h of wi r e del ay caus es t hi s
t ur n ar ound t i me t o be i ncr eas ed by two cl ock cycl es ; t hat i s one addi t i onal c l ock cycl e
i s r equi r ed f or t he t ur n byt e t o pr opagat e acr os s t he i nt er connect t o t he next r out i ng
component , and one addi t i onal c l ock cycl e i s r equi r ed f or t he r et ur n dat a t o pr opagat e
back acr os s t he connect i on. Wi t h no ext r a c l ock cycl es of wi r e del ay between RN1 r out i ng
component s , t hi s t ur n wi l l occur i n two cl ock cycl es . Wi t h k c l ock cycl es of wi r e del ay
between a pai r of s ucces s i ve r out i ng s t ages , t he t ur n wi l l occur i n 2( k+1) cl ock cycl es .
I n or der f or t he t ur n s equence t o f unct i on pr oper l y, t he r out i ng component at each end of
s uch a l ong wi r e mus t be capabl e of deal i ng wi t h t he ext r a cycl es . RN1 wi l l need t o know
t he number of de l ay cycl es t o expect and be abl e t o deal wi t h t hemaccor di ngl y.
The del ay s i ze wi l l need t o be congur abl e f or ever i nput and out put por t on t he
r out i ng component . Wi t h 8 i nput por t s and 8 out put por t s , t hi s makes f or a t ot al of
16 por t s t hat need t o be congur ed on a s i ngl e RN1 component . I t i s neces s ar y t o be
abl e t o congur e each i nput and out put por t s epar at e l y as es t abl i s hed i n Sect i on 2. 3 t o
al l ow i nput and out put por t s f r omt he s ame component t o connect t o i nt er connect i ons of
di er i ng del ay l engt hs . Addi t i onal l y, t o al l ow f or t he l ar ge r ange of de l ay val ues t hat mus t
be accommodat ed f or r eas onabl y l ar ge networ ks ,
2
t he del ay l engt h congur at i on wi l l r equi r e
mul t i pl e bi t s t o s pec i f y t he del ay of a s i ngl e i nput or out put por t . Whi l e t hi s congur at i on
i nf ormat i on coul d be pr ovi ded t o t he chi p by congur at i on pi ns , i t s houl d be obvi ous t hat
t hi s woul d r equi r e t he addi t i on of qui t e a l ar ge number of s i gnal pi ns . RN1 al r eady has
t i ght cons t r ai nt s on t he number of pi ns t hat i t s package wi l l s uppor t . Thus , an al t er nat e
means mus t be us ed t o congur e an RN1 r out i ng component wi t h t hi s i nf ormat i on.
One s uch al t er nat i ve i s t o us e UVpr ogr ammabl e ce l l s i n t he r out i ng chi p t o s t or e t hi s
congur at i on dat a. Thi s woul d r equi r e t he addi t i on of onl y a f ew s i gnal pi ns t o f ac i l i t at e
t he pr ogr ammi ng of t he UV congur at i on ce l l s . Cel l s woul d be pr ogr ammed by i ni t i at -
i ng a pr ogr am s equence and s hi f t i ng t he congur at i on dat a i nt o t he UV cel l s whi l e t he
2
See Section4.1 for projectedwire and delay cycle lengths in systems of various sizes.
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component i s expos ed t o UVl i ght . [ Gl as s er 85] des cr i bes a t echni que f or cons t r uct i ng UV
pr ogr ammabl e ce l l s of t hi s nat ur e whi ch i s appl i cabl e t o t he one mi cr on CMOS pr oces s i n
whi ch RN1 i s f abr i cat ed. Thi s s cheme has t he dr awback t hat a component cannot s i mpl y
be r epl aced wi t h anot her one o t he s hel f . The r epl acement component wi l l r s t need t o
be congur ed bef or e i t can s er ve as a r epl acement .
A s i mpl e pr ogr ammi ng boar d can eas i l y be bui l t t o pr ogr amt he congur at i on i nt o a
component as neces s ar y.
Wi t h t he addi t i onal congur at i on i nf ormat i on pr ovi ded t o RN1, i t mus t al s o be updat ed
t o deal appr opr i at e l y wi t h t he congur ed del ays of var i ous l engt hs . Thi s wi l l r equi r ed
updat i ng t he ni t e s t at e machi ne l ogi c i n t he r out i ng component t o deal wi t h var yi ng
del ay l engt hs . Thi s wi l l be a mi nor change, but wi l l neces s i t at e addi ng addi t i onal s t at e
i nf ormat i on t o t he FSM' s . Dur i ng t he addi t i onal de l ay cycl es , s ome r eas onabl e dat a or
pat t er n s houl d be s ent t o t he component not di r ect l y connect ed t o t he l ong wi r e s o t hat
t he s ys t emi s guar ant eed t o be wel l behaved. Af t er t he s t at us and checks umbyt es ar e s ent
t o t hi s component , t he component on what was or i gi nal l y t he s endi ng s i de of t he l ong wi r es ,
wi l l need t o s end t hi s addi t i onal dat a. Thi s addi t i onal dat a coul d s i mpl y be a r epet i t i on of
t he s t at us and checks umbyt es .
3. 7 Processors
Pr oces s i ng e l ement s can be at t ached i n a s t r ai ght f orwar d f as hi on t o t hi s networ k cong-
ur ed i n t he geomet r y des cr i bed. Concept ual l y, each networ k t ermi nal poi nt wi l l cons i s t of a
pr oces s or , memor y, and a cache- cont r ol l er ( See Fi gur e 1. 1) . A gi ven number of pr oces s or s
wi l l be as s oc i at ed wi t h each l eaf s t ack, whet her a bi de l t a l eaf c l us t er or a UT
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uni t t r ee .
As pr evi ous l y not ed, each l eaf s t ack i s r at her t hi n. The pr oces s or s and t hei r as s oc i at ed
component s f or a gi ven l eaf can al s o be ar r anged i n a s t ack s t r uct ur e . The s i des of t hi s
s t ack s t r uct ur e wi l l be made t he s ame s i ze as t he r e l evant r out i ng s t ack. The pr oces s or
s t ack can t hen be l ayer ed unt i l i t accommodat es al l t he neces s ar y component s . Si nce t he
number of pr oces s or s as s oc i at ed wi t h a l eaf r out i ng s t ack i s gener al l y about t he s ame as
t he number of r out i ng component s i n t he l eaf s t ack, t he pr oces s or s t ack s t r uct ur e wi l l be
of a t hi cknes s whi ch i s t he s ame or der of magni t ude as t hat of t he l eaf r out i ng s t ack. Thi s
pr oces s or s t ack can t hen be abut t ed di r ect l y t o t he l eaf s t ack or even di r ect l y connect ed,
maki ng i t par t of t he s ame phys i cal s t ack. Si nce t he s t ack s t r uct ur e t ends t o keep ver t i cal
di s t ances s hor t , t hi s al l ows t he pr oces s or s t o be wi t hi n r eas onabl e pr oxi mi t y of t he r out i ng
networ k. Al s o s i nce t he s t acks ar e t hi n, t hi s wi l l accommodat e s pace f or t he pr oces s or s by
onl y maki ng t he \wal l s " of t he hol l ow cube ( Sect i ons 3. 4 and 3. 5) s l i ght l y t hi cker . Thi s
addi t i onal t hi cknes s s houl d not be s i gni cant enough t o change t he over al l s i ze of t he hol l ow
cube s t r uct ur e appr ec i abl y.
3. 8 Routi ng Computati on
The ar r angement of component s and s t r uct ur es des cr i bed s o f ar es s ent i al l y det ermi ne
t he compos i t i on of a r out i ng s equence f or t hi s networ k. I n t hi s s ect i on, t hi s r out i ng i s
s ummar i zed i nc l udi ng a s cheme f or t he pr oper gener at i on of t he r out i ng s equence.
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3. 8. 1 Di sti ngui shi ng a Processor
Each l eaf pr oces s or needs t o have a uni que s pec i cat i on s o t hat i t can be r ef er enced.
I n a f at - t r ee s t r uct ur e , t he l ogi cal s pec i cat i on f or a pr oces s or i s i t s \addr es s " or l ocat
r e l at i ve t o t he r oot of t he f at - t r ee . I n t he cas e of a f ul l f at - t r ee , t hi s wi l l s i mpl y be t he p
down t he f at - t r ee t o t he pr oces s or . I n a hybr i d f at - t r ee wi t h bi de l t a c l us t er s as l eaves of
t he f at - t r ee networ k r at her t han i ndi vi dual pr oces s or s , t hi s addr es s wi l l be t he pat h f r om
t he r oot and t he l ocat i on of t he pr oces s or i n t he l eaf c l us t er . Thus , a pr oces s or i s s pec i ed
as , L =C P , wher e Ci s t he pat h f r omt he f at - t r ee r oot t o t he l eaf , and Pi s t he l ocat i on
of t he pr oces s or wi t hi n t he bi de l t a c l us t er . Recal l f r omSect i on 3. 1. 1 t hat r out i ng out of
t he bi de l t a l eaf c l us t er s t ack i s accompl i s hed when t he hi gh two bi t s of t he i ni t i al r out i ng
byt e ar e 1' s ; as s uch, t he hi gh two bi t s of a pr oces s or s pec i cat i on wi l l never be 11. I t i s
eas i es t f or r out i ng i f Ci s exact l y t he r out i ng s equence neces s ar y t o get f r omt he r oot t o
t he des i r ed l eaf . Recal l f r omSect i on 3. 3. 5 t hat t he l ow two bi t s of each byt e i n a down
r out i ng s equence t hr ough uni t t r ees i s unus ed s i nce onl y s i x bi t s of r out i ng i s per f ormed on
t he down r out i ng pat h t hr ough each uni t t r ee . The val ue of t hes e unus ed bi t s i s i r r e l evant ,
but f or c l ar i t y, t hey s houl d pr obabl y be cons i der ed zer o ( 0) .
3. 8. 2 Routi ng
The r out i ng s equence wi l l be t he s er i es of byt es neces s ar y t o open a connect i on t o a
des i r ed des t i nat i on. I n gener al t hi s cons i s t s of t hr ee par t s , t he up r out i ng s equence, RU, t he
down r out i ng s equence, RD, and t he r out i ng wi t hi n t he bi de l t a c l us t er , RC. Of cour s e , f ul l
f at - t r ees wi l l not have t he RCcomponent . Each of t he component s of t he r out i ng s equence
wi l l occupy an i nt egr al number of byt es ; a component wi l l be padded t o byt e l engt h when
neces s ar y. Thi s keeps t he por t i ons of t he r out i ng s equence concept ual l y s epar at ed and i s
cons i s t ent wi t h t he pr evi ous s pec i cat i ons f or t he pl acement of swal l ows ( Sect i ons 3. 3. 5
and 3. 1. 2) . The s epar at i on of t he component s of t he r out i ng s equence i nt o t hei r own byt es
al l ows t he r out i ng byt es t o be gener at ed wi t hout any need t o s hi f t bi t s ar ound wi t hi n byt es .
Acompl et e r out i ng s equence, R, i s s i mpl y RU RD RC.
3. 8. 3 Computi ng the Routi ng Sequence
Wi t h t hi s congur at i on, we can comput e t he neces s ar y r out i ng s equence Rwi t h moder -
at e eas e . Unl i ke t he bi de l t a cas e , i t i s neces s ar y t o knowt he s our ce l ocat i on i n t he networ k
i n or der t o det ermi ne an opt i mal r out i ng s equence; t hi s addi t i onal i nf ormat i on i s neces s ar y
i n or der t o expl oi t l ocal i t y i n t he f at - t r ee s t r uct ur e . Let L
1
=C
1
 P
1
be t he s our ce pr oces s or
and L
2
=C
2
 P
2
be t he des t i nat i on pr oces s or .
3
The comput at i on of t he r out i ng s equence
t hen pr oceeds as f ol l ows :
1. I =C
1
 C
2
; t hat i s I i s t he bi t - wi s e l ogi cal exc l us i ve- or of C
1
and C
2
.
2. M=a bi t vect or wi t h 0' s f or al l l eadi ng zer o byt es and 1' s f or al l byt es f r omt he
l eadi ng non- zer o byt e t o t he end; t hat i s Mi s a vect or whi ch mar ks al l s i gni cant
byt es .
3
This degenerates to the specic case of ful l fat trees whenP
1
= P
2
= (the empty string).
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8
8
8 IN<7:0>C_2N<7:0>
C_1N<7:0>
x8
Fi gur e 3. 4: Byt e- wi de xor Sl i ce .
3. j =l ocat i on of hi ghes t - or der non- zer o bi t i n M( 1 bas ed) .
4. O=
8
>
<
>
:
10 i f bi t 6 or 7 i s hi ghes t non- zer o bi t i n hi gh non- zer o byt e of I
01 i f bi t 4 or 5 i s hi ghes t non- zer o bi t i n hi gh non- zer o byt e of I
00 i f bi t 2 or 3 i s hi ghes t non- zer o bi t i n hi gh non- zer o byt e of I
5. RU=( 11)
j
 ( o)  ( 00)
((3 j) mod 4)
; t he t r ai l i ng 0' s s i mpl y s uce t o pad RUt o an
i nt egr al byt e quant i t y.
6. RD=l ow j byt es of C
2
. Thi s wi l l , i n f act , i nc l ude unneces s ar y r out i ng i nf ormat i on.
However , t hi s quant i ty needs t o be padded t o an i nt egr al number of byt es i n any cas e .
When t he bi t - r ot at i ons ar e wi r ed appr opr i at e l y i n t he cr os s over r out i ng pat hs , t hi s
al l ows RDt o be gener at ed wi t h mi ni mal cal cul at i ons .
7. RC=P
2
Not e t hat when Meval uat es t o al l zer o, i t i s t he cas e t hat C
1
=C
2
and RUand RDar e
unneces s ar y; i n t hi s cas e , RCf ul l s pec i es t he r out i ng t o t he nal des t i nat i on s i nce t he two
pr oces s or s ar e i n t he s ame l eaf c l us t er .
3. 8. 4 Impl ementati on of Computati on
I t i s enl i ght eni ng t o cons i der pos s i bl e s t r uct ur es t o eci ent l y i mpl ement t he compu-
t at i on j us t des cr i bed. I n or der t o t al k about i ndi vi dual byt es and bi t s , l et us adopt t he
f ol l owi ng not at i on:
 B< n> r e f er s t o t he nt h bi t of B, wi t h t he l owes t bi t be i ng bi t zer o.
 BNr e f er s t o t he Nt h byt e of B, wi t h t he l owes t bi t be i ng bi t zer o.
 BN<n>, t hus r e f er s t o t he nt h bi t of t he Nt h byt e of B.
The i nt ermedi at e quant i t y I, be i ng an xor, i s des i gned t o be cheap t o cal cul at e .
The val ue Mr equi r es onl y t he knowl edge of whi ch byt e i s t he r s t t o cont ai n non-
zer o bi t s . Thi s al l ows al l t he bi t s i n each byt e of I t o be or' ed t oget her f or compar i s on.
The r es ul t i s a smal l bi t vect or . Si nce t hi s quant i t y i s t hen a smal l number of bi t s , i t i s
pos s i bl e t o l et t he r s t non- zer o bi t s t i mul at e t he ot her s s o t hat a vect or r es ul t s wi t h al l
t he s i gni cant byt es mar ked wi t h a 1 bi t . Fi gur e 3. 5 s hows t hi s comput at i on f or a s i ngl e
bi t i n M.
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M<n+1>
IN<7:0>
7
6
5
4
3
2
M<n>
Fi gur e 3. 5: Cal cul at i on of a Si ngl e Bi t of M.
IN<7:0>
7
6
5
4
ON<2>
ON<1>
Fi gur e 3. 6: Cal cul at i on of a Si ngl e Bi t of O.
Bot h of t he comput at i on of I and Mcan eas i l y be done ei t her compl et e l y i n par al l e l ,
al l of C
1
and C
2
at once , or i n a byt e s er i al manner as i s appr opr i at e t o a par t i cul ar
i mpl ement at i on.
I n bot h cas es t he comput at i on of Ocan be cal cul at ed on each byt e i n I s i mul t aneous l y
and i n par al l e l wi t h t he comput at i on of M. The val ue of Mwi l l det ermi ne whi ch compu-
t at i on of Os houl d be us ed. The comput at i on of Ocan pr oceed s i mi l ar l y t o Monl y wi t h a
gr anul ar i t y of pai r s of bi t s i ns t ead of byt es . I n f act i t i s neces s ar y t o l ook onl y at t he hi g
two pai r s of bi t s i n or der t o det ermi ne O. I n t hi s cas e , i ns t ead of s t i mul at i ng t he l ower
bi t ( s ) i n t he bi t vect or , we i nhi bi t s o t hat ON<2 : 1 >i s t he cor r ect val ue f or us e i n t he
cons t r uct i on of RU. See Fi gur e 3. 6 f or an exampl e of t he cal cul at i on of O.
We can as s ume f or t he moment t hat RUwi l l be a s i ngl e byt e quant i t y.
4
RUcan be
comput ed f r omMand Oi n a coupl e of gat e del ays as s hown i n Fi gur e 3. 7.
Si nce byt es ar e s ent byt e s er i al i nt o t he networ k, no comput at i on i s r eal l y done f or RD.
Mi dent i es whi ch byt e of C
2
t o s t ar t wi t h when i t i s t i me t o s t ar t s endi ng RDi nt o t he
networ k. Si mi l ar l y, no comput at i on i s done f or RC.
Fr omt hes e s i mpl e cons t r uct s , we can s ee t hat t he comput at i on of a r out i ng s equence i s
an i nexpens i ve oper at i on and can be done i n a r eas onabl y smal l amount of t i me. Aqui ck
s i mul at i on of t hi s i mpl ement at i on i n a 1 mi cr on CMOS pr oces s
5
cal cul at es RUand Mi n
l es s t han 6ns .
4
This wi l l be the case unti l more than about 50 mi l l ion processors are connected in this manner; this
scheme easi ly general izes to the multiple byte case.
5
the same processes inwhichRN1 is fabricated
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Fi gur e 3. 7: Cal cul at i on of RUf r omMand O.
3. 8. 5 Exampl e
Cons i der t he f at - t r ee bui l t wi t h B
192
l eaves and two l eve l s of UT
648
uni t t r ees des cr i bed
i n Sect i on 3. 3. 3. Thi s gi ves a f at - t r ee wi t h 786, 432 pr oces s or s ; Cwi l l be 2 byt es l ong and
Pwi l l be one byt e l ong. Let L
1
=0xCC0234 and L
2
=0xD84267.
1. I =0xCC02  0xD842 =0x1440
2. M=0x03
3. j =2
4. O1 =10; O2 =01; s i nce M=0x03, O2 i s t he cor r ect val ue f or O
5. RU=( 11)
2
 ( 01)  ( 00)
1
=11110100 =0xF4
6. RD=0xD842
7. RC=0x67
Thus t he cor r ect r out i ng s equence i s RU RD RC= 0xF4D84267. Thi s wi l l open a
connect i on out of t he bi de l t a s t ack, t hr ough t he r s t s t age uni t t r ee , and i nt o l eve l 2 of t he
next uni t t r ee . At t hat poi nt , i t has cr os s ed over t o t he down pat h s o t he r s t byt e , RUi s
swal l owed. I t r out es down t hr ough t hat s t ack wi t h t he r e l evant por t i on of t he next byt e .
That byt e i s t hen swal l owed and t he next byt e , 0x42, i s us ed t o r out e back t hr ough t he
appr opr i at e uni t t r ee i n t he r s t s t age . Thi s nal RDbyt e i s swal l owed and t he 0x67 byt e
i s us ed t o r out e t hr ough t he bi de l t a l eaf c l us t er t o t he nal des t i nat i on.
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4. Anal ysi s
Chapt er s 2 and 3 des cr i bed t he cons t r uct i on of Tr ans i t f at - t r ee networ ks . Thi s chapt er
quant i es s ome char act er i s t i cs of t he r es ul t i ng networ ks . Cons i der i ng f at - t r ee networ ks
wi t h bot h UT
642
l eaves and bi del t a c l us t er s l eaves , a pr ogr es s i on of networ ks f r omf ul l
bi de l t a networ ks t o f ul l f at - t r ees can be compar ed and anal yzed. Sect i on 4. 1 des cr i bes t he
di s t r i but i on of wi r es by l engt h i n hol l owcube congur at i ons . Sect i on 4. 2 ext ends t he bi de l t a
networ k s t r uct ur e beyond t he s i ngl e s t ack s i ze f or t he pur pos e of compar i s ons . Sect i on 4. 3
s ummar i zes networ k s i ze f r eedoms f or t he var i ous networ k congur at i ons . I t t hen us es s i ze
as a par amet er t o quant i f y har dwar e r equi r ement s and networ k l at enci es . Sect i on 4. 4 us es
t he devel opment of t he pr evi ous s ect i ons t o pr ovi ded s ome concr et e networ k exampl es f or
compar i s on. Fi nal l y, Sect i on 4. 5 us es s i mpl e pr obabi l i s t i c model s t o pr ovi de bas i c r out i ng
s t at i s t i cs f or t he networ ks of Sect i on 4. 4.
4. 1 Wi re Lengths
Wi r e l engt hs ar e a s i gni cant concer n i n bui l di ng l ar ge networ ks . As t he s ys t emgr ows ,
t he number of c l ock cycl es r equi r ed t o r out e between uni t t r ees becomes t he domi nant com-
ponent of networ k l at ency. The hol l owcube s t r uct ur e ( Sect i on 3. 4) keeps wi r es moder at e l y
s hor t cons i der i ng t he magni t ude of t he wi r e conver gence t hat mus t occur . Thi s s ect i on
quant i es t he di s t r i but i on of wi r es by l engt h i n hol l owcube geomet r i es .
4. 1. 1 Worst Case
Ut i l i z i ng f r ee- s pace wi r i ng i n t he hol l ow cube, t he l onges t wi r es wi l l be t hos e t hat
t r aver s e t he cube' s di agonal . Thes e wi r es wi l l be
p
3 t i m s t he l engt h of t he cube s i de
l ong. The l engt h of t he cube s i de depends on t he s i ze of conver gence f or t he cube. As
s een i n Sect i on 3. 4. 4, f or s t andar d hybr i d f at - t r ees , t he s i des wi l l be f our bi de l t a l eaf s t a
s i de l engt hs l ong at t he r s t conver gence and i ncr eas e by a f act or of f our at each s ucces s i ve
s t age . Ful l f at - t r ees s i mi l ar l y pr ogr es s f r oms i des of l engt h equal t o f our UT
642
s i de l engt hs
at t he r s t conver gence and pr ogr es s by a f act or of f our at s ucces s i ve s t ages . The l engt h
of t he s i de of a s t ack i s det ermi ned by t he maxi mumnumber of r out i ng component s on a
s i ngl e r out i ng s t age .
4. 1. 2 Di stri buti on of Lengths
Onl y a smal l f r act i on of t he t ot al wi r es wi t hi n a hol l owcube ar e of t he wor s t cas e l engt h.
Per haps a mor e i nt er es t i ng met r i c i s t he di s t r i but i on of wi r es by t hei r l engt h.
For s i mpl i c i t y, l et us normal i ze wi r e l engt hs t o t he l engt h of t he s t ack s i des . Thi s al l ows
t he der i ved di s t r i but i ons t o be appl i ed gener al l y r egar dl es s of s t ack s i ze . The normal i z i ng
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l engt h, l
stack
, wi l l be t he l engt h of a s i de of t he component s t acks at t he t ermi nal l eve l of
t he f at - t r ee . N
s
wi l l denot e t he number of s t acks al ong t he s i de of cube.
Each i nt er connect i on wi t hi n t he hol l owcube connect s f r oma \s i de" t o t he \t op" of t he
cube ( See Fi gur es 3. 1 and 3. 2) . Connect i on endpoi nt s ar e evenl y di s t r i but ed acr os s t he two
di mens i ons compos i ng each t he s i des of t he hol l owcube; t hi s r es ul t s s i nce each s t ack i n t he
s i des has t he s ame di s t r i but i on of i nt er connect i on t o t he t op. Each of t he s t acks on t he
hol l owcube s i des wi l l connect t o endpoi nt s whi ch ar e evenl y di s t r i but ed acr os s t he s ur f ace
of t he t op of t he cube. Us i ng t hi s uni f ormi t y, we can eas i l y char act er i ze t he wi r e l engt h
di s t r i but i ons .
We can s t ar t by decompos i ng t he di s t r i but i on i nt o s epar at e di mens i onal component s , x,
y, and z. Si nce t hes e di s t r i but i ons ar e i ndependent , we can t hen f ormt he t ot al di s t r i but i on
f r omt he pr oduct of t he di mens i onal di s t r i but i ons . To expr es s t he di mens i onal di s t r i but i ons ,
a coupl e of s i mpl e pr obabi l i t y di s t r i but i on ar e needed.
Uni f ormUni dimensi onal Di stri buti on
One cas e of i nt er es t occur s when t he di s t r i but i on i s compl et e l y uni f orm acr os s t he
pos s i bl e s pace of l engt hs . For s uch a cas e , we have a uni f orm di s t r i but i on. Thus t he
di s t r i but i on f unct i on i s s i mpl y t hat of Equat i on 4. 1.
p
x
(x
0
) =
(
1
N
s
1  x
0
 N
s
0 ot herwi s e
( 4:1)
Uni f romDi erence Di stri buti on
The ot her cas e of i nt er es t occur s when t he di s t r i but i on i s t hat of t he di er ence between
two val ues pi cked r andoml y f r omt he s ame uni f ormdi s t r i but i on. I n t hi s cas e , we have a
di s t r i but i on p
x
(x
0
) as i n Equat i on 4. 1, and we want t he di s t r i but i on f or t he quant i t y jx
0
 x
1
j
wher e x
0
and x
1
ar e des cr i bed by p
x
. Thi s di s t r i but i on i s des cr i bed by Equat i on 4. 2.
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0
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>
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( 4:2)
Hol l owCube Di stri buti on
Wi t h t he s i mpl e di s t r i but i ons j us t des cr i bed, t he t ot al di s t r i but i on f or wi r e l engt hs i n
a hol l ow cube can be der i ved. The di s t ance t he wi r e mus t t r aver s e i n t he ver t i cal ( z)
di mens i on wi l l be des cr i bed by p
x
s i nce al l i nt er connect i ons connect f r omt he t op t o s ome
di s t ance down t he s i de of t he cube. Si mi l ar l y, t he di s t ance t he wi r e mus t t r aver s e \i nt o"
t he cube, normal t o t he s ur f ace of t he s i de , wi l l be det ermi ned s ol e l y by t he l ocat i on of t he
des t i nat i on on t he t op s ur f ace . Thi s di mens i on, whi ch f or t he cur r ent devel opment wi l l be
cal l ed y,
1
can al s o be des cr i bed by p
x
. I n t he r emai ni ng di mens i on, whi ch wi l l be r e f er r ed
1
N.B. In anabsolute frame of reference, this dimensionwouldbe the x dimension for two faces and the
y dimension for the two faces adjacent to those.
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Fi gur e 4. 1: Di s t r i but i on of Normal i zed Wi r e Lengt hs f or N
s
=4 and 16, Res pect i ve l y.
N
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Tabl e 4. 1: Expect ed Wi r e Lengt hs Normal i zed t o St ack Si ze , l
stack
t o as x, t he di s t ance t r aver s ed by t he wi r e depends on t he r e l at i ve pl acement of bot h t he
s our ce and des t i nat i on of t he wi r e and t hus wi l l be des cr i bed by p
dx
.
Wi t h t hi s under s t andi ng of t he di mens i onal di s t ance di s t r i but i ons , we can des cr i be t he
wi r e l engt h di s t r i but i on by Equat i on 4. 3.
p
l
( l
0
) =
max( l )
X
z=0
max( l )
X
y=0
max( l )
X
dx=0
[p
x
( z)  p
x
( y)  p
dx
( dx)  w
l
( l
0
; dx; y; z) ] ( 4:3)
max( l) =
l
p
3N
s
m
( 4:4)
The f unct i on w
l
i s s i mpl y us ed t o det ermi ne whet her or not t o i nc l ude t he pr obabi l i t y f or
a gi ven ( dx; y; z) combi nat i on i n t he s umand i s des cr i bed by Equat i on 4. 5.
w
l
( l
0
; dx; y; z) =
(
1 l
0
=
l
p
dx
2
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2
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2
m
0 ot herwi s e
( 4:5)
The di s t r i but i on, p
l
i s eas i l y comput ed f or a gi ven val ue of N
s
and gi ves t he r es ul t i ng
l engt hs i n uni t s of l
stack
. Fi gur e 4. 1 s hows t he di s t r i but i ons of p
l
f or N
s
=4 and 16, t he
r s t two s i de l engt hs f or hol l owcubes . The expect ed, or aver age, wi r e l engt hs der i ved f r om
t hi s di s t r i but i on ar e s hown i n Tabl e 4. 1.
4. 1. 3 Di stri buti on by Del ay
Once we have t he normal i zed di s t r i but i ons , i t i s eas y t o conver t t hes e i nt o del ay di s t r i -
but i ons f or a par t i cul ar l eaf s t ack s i ze , l
stack
. Thi s , of cour s e , i s t he i mpor t ant per f ormance
met r i c .
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The pr evi ous di s t r i but i on, p
l
, can be conver t ed i nt o del ay di s t r i but i on when t he c l ock
cycl e and s t ack s i ze ar e gi ven. Wi t h cl ock cycl e , t
c
and l
stack
, t he number of de l ay cycl es
between s t ages i s r e l at ed t o t he wi r e del ay by Equat i ons 4. 6.
n
cycl es
( l
0
) =

t
del ay
( l
0
)
t
c

( 4:6)
Us i ng an appr opr i at e model f or t he pr opagat i on t i me of a s i gnal acr os s a gi ven l engt h of
wi r e , we can r e l at e t he number of de l ay cycl es di r ect l y t o t he normal i zed wi r e l engt h l
0
.
Equat i on 4. 7 gi ves t hi s r e l at i on as s umi ng t he s i gnal i s f r ee t o pr opagat e at t he s peed of
l i ght , c, as woul d be t he cas e f or opt i cal i nt er connect .
t
del ay
( l
0
) =
l
0
 l
stack
c
( 4:7)
Wi t h t hes e r e l at i ons , t he wi r e l engt h di s t r i but i on can be conver t ed i nt o a di s t r i but i on f or
t he number of de l ay cycl es between s t ages i s comput ed as Equat i on 4. 8.
p
n
(n
0
) =
max( l )
X
0
[p
l
( l
0
)  w
n
(n
0
; l
0
)] ( 4:8)
Once agai n a s e l ect i on f unct i on, w
n
(n
0
; l
0
) , i s us ed t o s e l ect t he appr opr i at e l engt hs whi ch
cor r es pond t o a gi ven del ay.
w
n
(n
0
; l
0
) =
(
1 n
0
= dn
cycl es
( l
0
)e
0 ot herwi s e
( 4:9)
Cur r ent pr oj ect i ons make t
c
 10ns ( Sect i on 1. 3) . Recal l t hat f or UT
642
' s l
stack
 1
0
( Sect i on 3. 3. 4) . Equat i on 3. 12 gi ves a r ough appr oxi mat i on of l eaf s t ack s i ze f or bi de l t a
c l us t er s . Us i ng t hes e val ues , s ever al di s t r i but i ons f or a hybr i d and f ul l f at - t r ee hol l owcu
s t r uct ur e ar e s hown i n t he f ol l owi ng gur es . Fi gur e 4. 2 i s t he del ay cycl e di s t r i but i on i n
a hybr i d f at - t r ee hol l ow cube us i ng B
192
l eaves . Fi gur e 4. 3 des cr i bes t he di s t r i but i on f or
bot h hybr i d f at - t r ees us i ng B
48
l eaves and f ul l f at - t r ees us i ng UT
642
l eaves . Fi gur e 4. 4
cor r es ponds t o t he di s t r i but i on f or a hybr i d f at - t r ee hol l ow cube wi t h B
12
l aves . Thes e
gur es al l par al l e l Fi gur e 4. 1, but t he di s t r i but i ons her e ar e gi ven i n t erms of cyc l es of de l a
Tabl e 4. 2 gi ves t he expect ed number of de l ay cycl es f or t hes e congur at i ons .
4. 2 Large Bi del ta Networks
For compar i s on, i t i s neces s ar y t o cons i der bi de l t a networ ks s cal ed t o s i zes compar abl e t o
t he f at - t r ee networ ks under cons i der at i on. However , s i nce we cannot s i mpl y bui l d ar bi t r ar i l y
l ar ge s t acks ( Sect i on 1. 4) , l ar ge bi de l t a networ ks mus t be decompos ed i nt o mul t i pl e s t ack
s t r uct ur es .
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Leaf Stack Type l
stack
N
s
E(n)
B
192
2
0
4 1. 0
16 3. 2
B
48
1
0
4 1. 0
16 1. 8
B
12
6
00
4 1. 0
16 1. 0
Tabl e 4. 2: Expect ed Number of Del ay Cycl es
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4. 2. 1 Bi del ta Stacks
Per haps , t he i deal s i ze f or t he cons t i t uent s t acks i s f our r out i ng s t ages . Wi t h f our
s t ages of r out i ng, t he s t ack di s t i ngui s hes 256 l ogi cal des t i nat i on. Thus each s t ack per f orms
a byt e ' s wor t h of r out i ng; a f r es h r out i ng byt e can be us ed t o r out e t hr ough each s t ack.
The nal s i ze of s uch a congur at i on wi l l t hen depend on t he number of out put s pr ovi ded
i n each of t he l ogi cal di r ect i ons . The smal l es t congur at i on woul d pr ovi de two out put s per
l ogi cal di r ect i on. I n gener al , s uch a congur at i on woul d onl y be des i r abl e as t he nal
r out i ng s t ack compos i ng a l ar ge bi de l t a networ k. I n or der t o pr ovi de pr oper f aul t t ol er ance
wi t h two out put s i n each l ogi cal di r ect i on, t he nal s t age of t he networ k mus t ut i l i ze
t he al t er nat e RN1 congur at i on wher e each cr os s bar pr ovi des a s i ngl e out put per l ogi cal
di r ect i on ( Sect i on 1. 5) . Si nce t hi s r out i ng s t age ' s per f ormance i s i nf er i or t o t hat of t h
ot her s t ages , i n or der t o achi eve opt i mal r out i ng per f ormance onl y t he nal r out i ng s t ack
s houl d concent r at e t he number of out put s i n each di r ect i on t o two.
Bei ng l i mi t ed t o at mos t 64 component s i n each r out i ng s t age ( Sect i on 3. 3. 1) , we ar e not
f r ee t o cons i der bi de l t a s t acks t hat bot h di s t i ngui s h 256 di er ent des t i nat i ons and pr ovi de
mor e t han two out put s i n each l ogi cal di r ect i on. I n gener al i f a s t ack di s t i ngui s hes nl ogi cal
des t i nat i ons and has l out put s i n each l ogi cal des t i nat i on, N
c
r out i g component s wi l l make
up each r out i ng s t age as gi ven by Equat i on 4. 10. Thi s r e l at i on f ol l ows t r i vi al l y f r omt he
f act t hat each RN1 component has e i ght out put s .
N
c
=
n l
8
( 4:10)
As s uch, we ar e onl y f r ee t o cons i der s t acks i n whi ch n l  512. For c l ar i t y bi de l t a s t acks
wi t h par amet er s nand l wi l l be r e f er enced as B
nl
. Fr omt hi s di s cus s i on, we can concl ude
t hat B
2562
, B
642
, and B
162
s t acks s houl d be us ed onl y as t he nal s t age of s t acks i n
l ar ge bi de l t a networ ks . The l ar ges t s t ack r eas onabl e f or us e i n f ormi ng t he ear l i er networ k
s t ages i s t he B
648
.
4. 2. 2 Arrangi ng Bi del ta Stacks
The bi del t a s t acks ar e t hen t r eat ed as t he s t andar d r out i ng uni t s . They ar e ar r anged
i nt o s t ages i n or der t o bui l d l ar ger bi de l t a networ ks . Wi t hi n t he bi de l t a s t acks , t he c l ock
cycl e can be as f as t as a s i ngl e s t ack cons t r ai ns i t t o be. Addi t i onal s t age del ays wi l l be
i ncur r ed between s t ack s t ages as i s t he cas e wi t h f at - t r ees becaus e t he wi r es wi l l be l ong.
However , t hi s ext r a del ay i s onl y i ncur r ed between s t ack s t ages and at t he nal r ecyc l e
pat h. The l ong wi r es can be deal t wi t h as des cr i bed i n Sect i on 3. 6. Thi s congur at i on wi l l
gi ve bet t er per f ormance t han uni f orml y s l owi ng t he c l ock r at e down ever ywher e i n or der
t o accommodat e t he pr opagat i on del ay acr os s t he l ong wi r e pat hs .
For r epl i cat i on, i t wi l l be neces s ar y t o pl ace swal l ows between t he s t ages of r out i ng
s t acks . I n t hi s manner , a s epar at e byt e i s us ed t o r out e t hr ough each bi de l t a s t ack.
Si nce t he number of i nt er - s t age del ays does not aect t he t ot al c l ock r at e of t he s ys t em,
i t makes s ens e t o i nt er - wi r e t he s t acks i n an i ndi r ect bi nar y cube networ k s t yl e . Thi s
al l ows t he wi r es at t he r s t f ew s t ages t o be r e l at i ve l y s hor t . Succes s i ve l y l onger wi r es ar
us ed between s ucces s i ve s t ages of r out i ng s t acks . Thi s s t r uct ur e can be l ai d out i n two
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Fi gur e 4. 5: I ndi r ect Bi nar y Cube Topol ogy
di mens i ons s o t hat t he cr i t i cal geomet r i c par amet er at each s t age i s t he s quar e r oot of t he
number of s t acks i nvol ved i n t he conver gence ; t hat i s t he s ubs et s of t he r out i ng pl ane t hat
wi l l be i nt er connect i ng between s ucces s i ve l eve l s wi l l be s quar es of s t acks . At t he nal
s t age , t he conver gence wi l l be one bi g s quar e ; at ear l i er s t ages , t her e wi l l be many smal l er
s quar es of conver gence . Fi gur e 4. 5 s hows t he i nt er connect i on t opol ogy of an i ndi r ect bi nar y
cube us i ng bi nar y swi t chi ng component s . Us i ng bi de l t a s t acks f or swi t chi ng, each s t ack wi l l
swi t ch i n 16, 64, or 256 di r ect i ons , and t he i nt er - s t age wi r i ng wi l l occur i n two di mens i ons
r at her t han one.
4. 2. 3 Wi re Lengths
We can appl y t he anal ys i s of Sect i on 4. 1 t o anal yze t he di s t r i but i on of wi r es by l engt h
i n t hi s s cheme as wel l . Her e we have a s equence of r out i ng pl anes wi t h t he i nt er connect
between pl anes . I n t hi s congur at i on, t he wi r es ar e di s t r i but ed wi t h var i ous di s pl acement s
xand ydi r ect i on and an es s ent i al l y cons t ant di s pl acement between pl anes . As s umi ng t he
i nt er - pl ane di s pl acement i s negl i gi bl e , we can get a f ee l f or t he di s t r i but i on of wi r e l engt h
Her e t he di s t r i but i on of di s pl acement s neces s ar y i n t he xand y di r ect i ons ar e , t o a
r s t - or der appr oxi mat i on, uni f ormdi er ence di s t r i but i ons as des cr i bed i n Sect i on 4. 1. 2.
Fr omt hi s , we can eas i l y der i ve t he di s t r i but i on of wi r e l engt hs . Let N
s
be t he l engt h of t he
s i de of t he s quar e of conver gence at t he s t age of i nt er es t ; agai n N
s
i s normal i zed t o s t ack
s i ze . p
l
wi l l agai n be our di s t r i but i on f unct i on. w
l
wi l l be t he s e l ect i on f unct i on as bef or e .
Equat i ons 4. 11 t hr ough 4. 13 s ummar i ze t hes e r e l at i ons .
p
l
( l
0
) =
max( l )
X
dy=0
max( l )
X
dx=0
[p
dx
( dx)  p
dx
( dy)  w
l
( l
0
; dx; dy) ] ( 4. 11)
max( l) =
l
p
2N
s
m
( 4. 12)
w
l
( l
0
; dx; dy) =
(
1 l
0
=
l
p
dx
2
+dy
2
m
0 ot herwi s e
( 4. 13)
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Fi gur e 4. 6: Di s t r i but i on of Normal i zed Wi r e Lengt hs f or N
s
=8 and 64, Res pect i ve l y.
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Fi gur e 4. 7: Di s t r i but i on of Del ay Cycl es f or N
s
= 8 and 64, Res pect i ve l y us i ng 2
0

0
St acks .
Fi gur e 4. 6 s hows t he di s t r i but i ons f or normal i zed s i de l engt hs of 8 and 64. I f a l ar ge bi de l t a
networ k wer e bui l t wi t h t hr ee s t ack s t ages , t wo bui l t f r omB
648
and t he l as t f r omB
2562
,
N
s
woul d be 8 between t he r s t and s econd s t age and 64 between t he s econd and t hi r d.
Normal i zed aver age wi r e l engt hs ar e 4. 6 and 33. 9 f or N
s
=8 and 64, r es pect i ve l y.
4. 2. 4 Del ay Cycl es
The number of de l ay cycl es r equi r ed can be det ermi ned exact l y as des cr i bed i n Sec-
t i on 4. 1. 3. Maki ng t he s ame as s umpt i ons as i n Sect i on 4. 1. 3, Fi gur e 4. 7 par al l e l s Fi gur e 4. 6
i n t erms of de l ay cycl e uni t s . The s i de l engt h f or bot h t he B
648
and
2562
s t acks i s t wo
f eet . For t hi s congur at i on, t he aver age number of de l ay cycl es f or i s 1. 3 when N
s
=8 and
6. 9 when N
s
=64.
4. 3 Network Characteri zati ons
Thi s s ect i on s ummar i zes a f ewquant i zat i ons f or var i ous networ k char act er i s t i cs par am-
et er i zed by networ k s i ze . Quant i zat i ons ar e pr ovi ded f or f ul l f at - t r ee , hybr i d f at - t r ee , an
bi de l t a networ ks . Thi s al l ows s ome compar i s on acr os s t he r ange of networ ks between f ul l
f at - t r ee and f ul l bi de l t a networ ks . For each networ k, char act er i zat i ons ar e pr ovi ded f or
r equi r ed har dwar e and networ k l at ency.
Tabl e 4. 3 s ummar i zes mos t of t he var i abl es us ed i n t he r emai nder of t hi s s ect i on.
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Np
number of pr oces s or s
N
c
number of r out i ng component s
N
l eaf
number of pr oces s or s s uppor t ed by a l eaf s t ack
N
c
leaf
number of r out i ng component s i n a bi de l t a l eaf s t ack
N
bidel ta
number of bi de l t a l eaf c l us t er s
N
unit
number of UT
648
uni t t r ees
N
funit
number of UT
642
uni t t r ees
i a par amet er des cr i bi ng s e l ect i on f r eedom;
i r epr es ent s t he number of s t ack s t ages i n a networ k
i mus t be a pos i t i ve i nt eger
j a par amet er des cr i bi ng s e l ect i on f r eedom;
j r epr es ent s t he number of r out i ng s t ages i n a bi de l t a s t ack
h t ot al number of r out i ng s t ages i n a bi de l t a networ k
s
chip
l engt h of a s i de of t he r out i ng chi p
t
c
c l ock per i od
l
wire
l engt h of l onges t wi r e
t
wire
wi r e del ay
c s peed of l i ght
n
(m;o)
s t age del ays between s t age m and o
L
open
l at ency openi ng connect i on f r oms our ce t o des t i nat i on
L
connect
l at ency of an open connect i on f r oms our ce t o des t i nat i on
N.B. For t he f ol l owi ng, l at ency i s us ed t o r ef er t o t he per i od of t i me between t he t i me
t he mes s age ent er s t he networ k and t he t i me t he mes s age ar r i ves at t he des t i nat i on. The
act ual l at ency of a networ k oper at i on wi l l be a f unct i on of t hi s met r i c and dependi ng
on t he end t o end pr ot ocol us ed. Connect i on l at ency, L
co nect
, di er s f r om t he l at ency
openi ng a connect i on, L
open
due t o t he need t o change r out i ng byt es dur i ng t he openi ng of
a connect i on.
Tabl e 4. 3: Var i abl e Summar y
4. 3. 1 Ful l Fat-Tree
Recal l f r omSect i on 3. 3. 4 t hat f ul l f at - t r ee networ ks ar e bui l t ent i r e l y f r omuni t t r ees
Ful l f at - t r ees have pr oces s or s as t he ul t i mat e l eaves of t he f at - t r ee s t r uct ur e .
Si ze
Ful l f at - t r ee networ ks ar e bui l t wi t h UT
642
uni t t r ees f ormi ng t he bot t ommos t s t age
of t he f at - t r ee and UT
648
uni t t r ees f ormi ng t he r emai nder of t he t r ee s t r uct ur e . Equa-
t i on 4. 14 char act er i zes t he s i zes of cons t r uct i bl e f ul l f at - t r ees .
N
p
=64
i
( 4:14)
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A f ul l f at - t r ee networ k of a gi ven s i ze wi l l have 3i t r ee l eve l s made f r om i s t ages of uni t
t r ees . The f at - t r ee wi l l be compos ed of i up r out i ng s t ages and 3i down r out i ng s t ages .
Hardware Requi rements
Each UT
648
uni t t r ee r equi r es 208 RN1 r out i ng component s ( Sect i on 3. 3. 1) whi l e each
UT
642
r equi r es 52 RN1 component s ( Sect i on 3. 3. 4) . Equat i ons 4. 15 and 4. 15 r es pect i ve l y
des cr i be t he r equi r ed number of UT
642
and UT
648
uni t t r ees neces s ar y t o bui l d f ul l f at -
t r ees of s i ze N
p
( Sect i on 3. 3. 4) .
N
funit
=
N
p
64
( 4. 15)
N
unit
=

1   4
(1 i )

N
p
768
( 4. 16)
Combi ni ng t hes e r equi r ement s , we nd t he t ot al number of r out i ng component s r equi r ed
as expr es s ed i n Equat i on 4. 17.
N
c
=( 52)

N
p
64

+( 208)

1   4
(1 i )


N
p
768

=
0
@
1
16
+

1   4
(1 i )

48
1
A
13N
p
( 4:17)
Latency
As des cr i bed i n Sect i on 3. 6 t her e wi l l be s ome number of s t age del ays between s t ack
s t ages . Let n
(m; o)
be t he number of c l ock cycl es of de l ay between s t ack s t age mand s t age
o. Between any pai r of s t ages , t he val ues of n
(k; k+1)
and n
(k+1; k)
wi l l be di s t r i but ed as
des cr i bed i n Sect i on 4. 1. Si nce t her e i s a di s t r i but i on of pos s i bl e val ues f or n
(k; k+1)
between
t he s ame s t ack s t ages , no s i ngl e val ue des cr i bes t hi s quant i ty. The r ever s e s t age del ays ,
n
(k+1; k)
wi l l be di s t r i but ed s i mi l ar l y; however , a par t i cul ar n
(k+1; k)
need not be r e l at ed t o
t he cor r es pondi ng n
(k; k+1)
ut i l i zed as par t of t he s ame i nt er connect i on.
To r out e t hr ough a gi ven l eve l of t he f ul l f at - t r ee , a connect i on mus t r out e t hr ough one
up r out i ng l eve l f or each 3 l eve l s up t he t r ee . The connect i on wi l l t hen r out e t hr ough al l
t he down l evel s . Between s t ack s t ages on bot h t he up and down pat h, t he r out e wi l l s uer
t he addi t i onal s t age del ays due t o t he l ong wi r es between s t ages . The l at ency t hr ough l eve l
kof t r ee i s gi ven by Equat i on 4. 18.
L
connect
( k) =
0
B
@

k
3

+k+
d
k
3
e 1
X
j=1
n
(j; j+1)
+
d
k
3
e 1
X
j=1
n
(j+1; j)
1
C
A
 t
c
( 4:18)
I n openi ng a connect i on t hr ough l eve l k, an addi t i onal cyc l e of de l ay i s i ncur r ed between
s t acks on t he down r out e i n or der t o swal l ow t he l eadi ng r out i ng byt e . Si mi l ar l y, at l eas t
one up r out i ng byt e wi l l need t o be dr opped i n cr os s i ng over t o t he down r out i ng pat h;
ever y f our t h s t age between uni t t r ees r equi r es an addi t i onal s t age of de l ay f or t he l eadi ng
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r out i ng byt e t o be dr opped. The l at ency t o open a connect i on t hr ough l eve l kof t he f at - t r ee
i s s ummar i zed i n Equat i on 4. 19.
L
open
( k) = L
connect
+

k
3

  1

+

k
12

 t
c
=
0
B
@

k
12

+2

k
3

+k  1 +
d
k
3
e 1
X
j=1
n
(j; j+1)
+
d
k
3
e 1
X
j=1
n
(j+1; j)
1
C
A
 t
c
( 4. 19)
The bes t - cas e r out i ng occur s when t he mos t l ocal i t y can be expl oi t ed. Thi s occur s when
a pr oces s or connect s t o i t s near es t ne i ghbor . I n t hi s cas e , t he r out e occur s t hr ough l eve l
one of t he f at - t r ee . Thus Equat i ons 4. 20 and 4. 21 des cr i be t he bes t - cas e per f ormance f or a
f ul l f at - t r ee .
L
connect
= 2t
c
( 4. 20)
L
open
= 3t
c
( 4. 21)
I n t he wor s t - cas e , t he onl y common ances t or of t he s our ce and des t i nat i on pr oces s or s
i s t he t r ee r oot . I n t hi s cas e , t he connect i on mus t t r avel al l i s t ages up t o t he r oot of t he
f at - t r ee and t hen al l 3i s t ages back down t o t he des t i nat i on l eaf . Equat i ons 4. 22 and 4. 23
gi ve t he wor s t - cas e l at enci es f or t he f ul l f at - t r ee .
L
connect
=
0
@
4i+
i 1
X
j=1
n
(j; j+1)
+
i 1
X
j=1
n
(j+1; j)
1
A
 t
c
( 4. 22)
L
open
=
0
@

i
4

+5i  1 +
i 1
X
j=1
n
(j; j+1)
+
i 1
X
j=1
n
(j+1; j)
1
A
 t
c
( 4. 23)
4. 3. 2 Hybri d Fat-Tree
Hybr i d f at - t r ees ar e bui l t wi t h bi de l t a l eaf c l us t er s f ormi ng t he l eaves of t he f at - t r e
s t r uct ur e .
Si ze
The l eaf s t age of t he networ k i s bui l t wi t h t he bi de l t a l eaf c l us t er s des cr i bed i n Sec-
t i on 3. 1. Thes e ar e i nt er connect ed wi t h a f at - t r ee s t r uct ur e cons t r uct ed f r omUT
648
uni t
t r ees . Each l eaf c l us t er i s bui l t f r om j r out i ng s t ages and s uppor t s N
l eaf
r oces s or s as
des cr i bed by Equat i on 4. 24.
N
l eaf
=3  4
(j 1)
( 4:24)
For t echni cal r eas ons des cr i bed i n Sect i on 3. 1. 3, 1 <j  4. Us i ng i  1 s t ages of UT
648
uni t t r ees , t he t ot al number of pr oces s or s s uppor t ed i s t hus gi ven by Equat i on 4. 25.
N
p
=N
l eaf
 64
( i 1)
=3  4
(j 1)
 64
( i 1)
( 4:25)
The f at - t r ee s t r uct ur e pr ovi des i  1 up r out i ng s t ages and 3( i  1) t r ee l eve l s and hence
down r out i ng s t ages .
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Hardware Requi rements
Each l eaf i s cons t r uct ed f r omN
c
leaf
RN1 r out i ng component s as des cr i bed by Equa-
t i on 4. 26.
N
c
leaf
=4
(j 1)
+( j  1) 3  4
(j 2)
=( 3j+1) 4
(j 2)
( 4:26)
The t ot al number of bi de l t a l eaf c l us t er r equi r ed i s des cr i bed by Equat i on 4. 27 ( Sec-
t i on 3. 3. 3) .
N
bidel ta
=
N
p
N
l eaf
=64
( i 1)
( 4:27)
The number of uni t t r ees r equi r ed f or a hybr i d f at - t r ee wi t h i  1 uni t t r ee s t ages i s gi ven
by Equat i on 4. 28 ( Sect i on 3. 3. 3) .
N
unit
=

N
p
576


1   4
(1 i )

( 4:28)
Each UT
648
uni t t r ee i s cons t r uct ed f r om208 RN1 component s ( Sect i on 3. 3. 1) . Cons ol i -
dat i ng t hes e r e l at i ons , we get Equat i on 4. 29 whi ch des cr i bed t he t ot al number of r out i ng
component s i n a hybr i d f at - t r ee .
N
c
= ( 3j+1) 4
(j 2)
 64
( i 1)
+208

N
p
576


1   4
(1 i )

=

( 3j+1) 4
(j 2)
+

13
12

4
(j 1)

1   4
(1 i )


64
( i 1)
( 4. 29)
Latency
The bes t - cas e i nt er connect i n t he hybr i d f at - t r ee occur s when a connect i on i s made
wi t hi n t he bi de l t a l eaf c l us t er . When t hi s l eve l of l ocal i t y can be expl oi t ed, t he l at ency f o
a connect i on i s gi ven by Equat i on 4. 30.
L
connect
=L
open
=j t
c
( 4:30)
Openi ng and cont i nui ng a connect i on ar e i dent i cal i n t hi s cas e becaus e j i s cons t r ai ned t o
not exceed f our due t o cur r ent t echnol ogy l i mi t at i ons .
When communi cat i ons do need t o occur between pr oces s or s i n di er ent l eaf c l us t er s ,
connect i ons mus t be made t hr ough t he f at - t r ee . As connect i ons ar e r out ed between s t ack
s t ages , de l ay cycl es wi l l be i ncur r ed as des cr i bed f or t he f ul l f at - t r ee ( Sect i on 4. 3. 1) .
r out i ng t hr ough s ome s t age of t he f at - t r ee , t he connect i on r s t r equi r es one cycl e t o r out e
i nt o t he f at - t r ee networ k. The connect i on t r aver s es one up r out i ng s t age ever y t hr ee s t ages
up t he t r ee i t mus t go. Once t he connect i on r eaches t he r oot of t he smal l es t common
s ub- t r ee between t he s our ce and des t i nat i on pr oces s or , t he connect i on mus t t hen be r out ed
down al l t he down r out i ng s t ages t o t he des i r ed bi de l t a l eaf s t ack. Once t he connect i on
nal l y ent er s t he des t i nat i on l eaf s t ack, t her e wi l l be an addi t i onal j s t ages of r out i ng wi t hi
t he l eaf s t ack. Equat i on 4. 31 s ummar i zes t he l at ency of a connect i on t hr ough l eve l kof t he
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f at - t r ee networ k.
L
connect
( k) =
0
B
@
1 +j+k+

k
3

+
d
k
3
e
X
m=1
n
(m;m+1)
+
d
k
3
e
X
m=1
n
(m+1; m)
1
C
A
 t
c
( 4:31)
When openi ng a connect i on, addi t i onal de l ay cycl es ar e r equi r ed due t o t he need t o change
r out i ng byt es . The hybr i d f at - t r ee r equi r es t he addi t i onal cyc l es f or swal l owi ng byt es on
t he up r out i ng pat h, down r out i ng pat h, and i n t he cr os s over s as des cr i bed f or f ul l f at -
t r ees ( Sect i on 4. 3. 1) . Si nce two bi t s of r out i ng ar e r equi r ed t o r out e i nt o t he f at - t r ee t h
swal l ow on t he up pat h wi l l occur one s t ack s t age ear l i er i n t hi s congur at i on t han i n t he
f ul l f at - t r ee congur at i on. The hybr i d f at - t r ee wi l l r equi r e an addi t i onal change of r out i n
byt es when t he connect i on ent er s t he des t i nat i on l eaf c l us t er . Equat i on 4. 32 combi nes t hes e
addi t i onal de l ays t o des cr i be t he l at ency f or openi ng a connect i on t hr ough l eve l k of t he
f at - t r ee por t i on of a hybr i d f at - t r ee .
L
open
( k) =L
connect
( k) +

k
3

+

k+3
12

 t
c
L
open
( k) =
0
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@
1 +j+k+

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e
X
m=1
n
(m+1; m)
1
C
A
 t
c
( 4:32)
Wor s t - cas e connect i ons i n t he hybr i d f at - t r ee occur when i nt er connect i on mus t be made
t hr ough t he t op l eve l of t he t op s t age of uni t t r ees . Her e t he connect i on i s made i nt o t he
f at - t r ee , up t he i 1 up r out i ng s t ages t o t he r oot , down t he 3( i 1) s t ages t o a l eaf c l us t er ,
t hen acr os s t he j s t ages of t he l eaf c l us t er t o t he des t i nat i on pr oces s or . Equat i ons 4. 33 and
4. 34 des cr i be t he l at ency f or t hi s wor s t - cas e i nt er connect i on.
L
connect
=
 
1 +4( i  1) +j+
i 1
X
m=1
n
(m;m+1)
+
i 1
X
m=1
n
(m+1; m)
!
 t
c
( 4:33)
L
open
=
 
1 +j+5( i  1) +

i
4

+
i 1
X
m=1
n
(m;m+1)
+
i 1
X
m=1
n
(m+1; m)
!
 t
c
( 4:34)
4. 3. 3 Bi del ta Network
Sect i on 4. 2 des cr i bed t he cons t r uct i on of l ar ge bi de l t a networ ks . Thi s i s a gener al i zat i on
of t he Tr ans i t bi de l t a networ k t o mul t i pl e s t ack s i zes .
Si ze
The cons t i t uent s t ack s t ages ar e each cons t r uct ed wi t h j l ayer s of r out i ng. i s t ack s t ages
can t hen be combi ned t o cons t r uct t he l ar ge bi de l t a networ k. The j' s f or each s t age i n a
s i ngl e networ k need not be i dent i cal acr os s al l s t ack s t ages . Thus t he number of pr oces s or s
i n s uch a networ k i s des cr i bed by Equat i on 4. 35.
N
p
=4
j
1
 4
j
2
   4
j
i
( 4:35)
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Recal l f r omSect i on 4. 2. 1 t hat s i ze and per f ormance cons t r ai nt s l i mi t j as gi ven by Rel a-
t i ons 4. 36 and 4. 37.
f or m<i: 1  j
m
 3 ( 4:36)
2  j
i
 4 ( 4:37)
The t ot al number of r out i ng s t ages i n t hi s networ k i s s ummar i zed i n Equat i on 4. 38.
h=j
1
+j
2
+   +j
i
=l og
4
(N
p
) ( 4:38)
Hardware Requi rements
The number of r out i ng component s needed can be det ermi ned by l ooki ng at t he ent i r e
networ k wi t hout a need t o do i ndi vi dual account i ng at each s t ack s t age . Cons i der i ng t he
bandwi dt h i n and out of t he begi nni ng and end of t he networ k, Equat i on 4. 39 gi ves t he
number of r out i ng component s needed at each r out i ng s t age .
N
c
stage
=
N
p
4
( 4:39)
Combi ni ng t hi s wi t h Equat i on 4. 38, t he t ot al number of RN1 r out i ng component s r equi r ed
f or t he bi de l t a networ k wi l l be det ermi ned by Equat i on 4. 40.
N
c
= h
N
p
4
=
N
p
l og
4
(N
p
)
4
( 4. 40)
4. 3. 4 Latency
Del ay s t ages ar e i ncur r ed between s ucces s i ve s t ack s t ages as pr evi ous l y des cr i bed. Sec-
t i on 4. 2. 3 des cr i bes t he di s t r i but i on char act er i s t i cs t he ext r a del ay cycl es r equi r ed betwe
s t ack s t ages . Si nce t he s et of s our ce pr oces s or s i s t he s ame as t he des t i nat i on s et , con-
nect i ons mus t l oop- back f r omt he end of t he bi de l t a networ k t o t he begi nni ng. Si nce t hi s
r equi r es onl y t r ans l at i on i n t he ver t i cal s t ack di mens i on, we wi l l as s ume t hi s l oop- back can
occur i n a s i ngl e c l ock cycl e ( t
stack
) . Not e t hat s i nce r out i ng onl y occur s i n one di r ect i on
t hr ough t he bi de l t a networ k, unl i ke t he t r ee s t r uct ur es , t he del ays between s t ack s t ages i s
onl y i ncur r ed once i n t hi s s t r uct ur e .
Wi t h t he except i on of t he number of de l ay cycl es i ncur r ed between s t ages due t o l ong
wi r es , al l pat hs t hr ough t he bi de l t a networ k ar e t he s ame l engt h. Each pat h t r aver s es
t he hr out i ng s t ages des cr i bed above. I nt er - s t age del ay i s i ncur r ed as wel l as a cycl e f or
t he nal l oop- back. As s uch, t he connect i on l at ency f or a bi de l t a networ k i s des cr i bed by
Equat i on 4. 41.
L
connect
=
 
h+
i 1
X
k=1
n
(k; k+1)
+1
!
 t
stack
( 4:41)
I n openi ng a new connect i on t hr ough t he bi de l t a networ k, addi t i onal l at ency occur s as a
r es ul t of changi ng r out i ng byt es . Rout i ng byt es wi l l be changed between r out i ng s t ack
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Number of Uni t Tree Total
Processors Stacks Components
64 1 UT
642
52
4, 096 64 UT
642
4 UT
648
4, 160
262, 144 4096 UT
642
320 UT
648
279, 552
Tabl e 4. 4: Ful l Fat - Tr ee Har dwar e Requi r ement s
s t ages as des cr i be i n Sect i on 4. 2. 2. Due t o t he cons t r ai nt s pl aced on j, t her e wi l l never
be a need t o change r out i ng byt es wi t hi n a bi de l t a s t ack. Equat i on 4. 42 gi ves t he l at ency
r equi r ed t o open a connect i on t hr ough t he bi de l t a networ k.
L
open
= L
connect
+( i  1)  t
stack
=
 
h+i+
i 1
X
k=1
n
(k; k+1)
!
 t
stack
( 4. 42)
4. 4 Compari sons
I n or der t o oer a c l ear er compar i s on between t he var i ous networ ks des cr i bed her e i n,
t hi s s ect i on pr ovi des s ome concr et e exampl es . Us i ng t he equat i ons and as s umpt i ons f r om
Sect i on 4. 3 and t he geomet r i c congur at i ons des cr i bed i n Sect i ons 3. 4 and 4. 2, r epr es en-
t at i ve number s ar e det ermi ned f or networ k s i ze , compos i t i on, and l at ency. Al l val ues ar e
char act er i zed as des cr i be i n Sect i on 4. 3.
4. 4. 1 Ful l Fat-Tree
Tabl es 4. 4 s ummar i zes t he har dwar e r equi r ement s f or a f ew f ul l f at - t r ees of i nt er es t i ng
s i zes . Tabl e 4. 5 char act er i zes t he ext r eme l at ency cas es f or t he f ul l f at - t r ees des cr i bed
Tabl e 4. 4. The wor s t - cas e l at ency i nc l uded her e us es t he wor s t - cas e wi r e del ays between
uni t t r ee s t ages on bot h pat hs t hr ough t he f at - t r ee and as s umes t he connect i on mus t be
made t hr ough t he t r ee r oot . Revi ewSect i on 4. 1 t o get a f ee l f or t he di s t r i but i on of l at enci es
between t he bes t and wor s t cas es .
4. 4. 2 Hybri d Fat-Tree
Tabl e 4. 6 des cr i bes s ever al s i zes of hybr i d f at - t r ees . Tabl e 4. 7 s ummar i zes t he l at ency
r ange f or t hes e congur at i ons . Jus t as f or t he f ul l f at - t r ees t he wor s t - cas e l at ency s hown i s
f or a connect i on t hr ough t he t r ee r oot wi t h t he l onges t pos s i bl e wi r es between s t ack s t ages
on bot h t he up and down t r ee t r aver s al . Agai n, Sect i on 4. 1 des cr i bes t he di s t r i but i ons of
wi r e del ays f or congur at i ons s uch as t hes e .
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Number of Latency of Connect Latency of Open
Processors Worst Case Best Case Worst Case Best Case
64 40ns 20ns 50ns 30ns
4, 096 100ns 20ns 120ns 30ns
262, 144 200ns 20ns 230ns 30ns
Tabl e 4. 5: Ful l Fat - Tr ee Lat enci es
Number of Bi del ta Uni t Tree Total
Processors Stacks Stacks Components
768 64 B
12
1 UT
648
656
3, 072 64 B
48
4 UT
648
3, 392
12, 288 64 B
192
16 UT
648
16, 640
49, 152 4096 B
12
80 UT
648
45, 312
196, 608 4096 B
48
320 UT
648
230, 400
786, 432 4096 B
192
1280 UT
648
1, 118, 208
Tabl e 4. 6: Hybi r d Fat - Tr ee Har dwar e Requi r ement s
Number of Latency of Connect Latency of Open
Processors Worst Case Best Case Worst Case Best Case
768 90ns 20ns 110ns 20ns
3, 072 100ns 30ns 120ns 30ns
12, 288 130ns 40ns 150ns 40ns
49, 152 170ns 20ns 200ns 20ns
196, 608 200ns 30ns 230ns 30ns
786, 432 290ns 40ns 320ns 40ns
Tabl e 4. 7: Hybr i d Fat - Tr ee Lat enci es
4. 4. 3 Ful l Bi del ta
Tabl es 4. 8 and 4. 9 s ummar i ze t he char act er i s t i cs f or s ome bi del t a networ ks of compa-
r abl e s i ze t o t he f ul l f at - t r ee and hybr i d f at - t r ee congur at i ons l i s t ed above. For t hi s cas
t he wor s t - cas e l at enci es ar e f or t he cas e i n whi ch t he wi r es ar e maxi mal l engt h between
s t ages . The bes t - cas e l at enci es as s ume a s i ngl e cyc l e of de l ay due t o i nt er - s t age wi r i ng.
Sect i on 4. 2. 3 des cr i bes t he del ay cycl e di s t r i but i ons f or t hi s congur at i on.
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Number of Bi del ta Total
Processors Stacks Components
64 B
642
48
256 B
2562
256
1, 024 B
648
B
162
1, 280
4, 096 B
648
B
642
6, 144
16, 384 B
648
B
2562
28, 672
65, 536 B
648
B
648
B
162
131, 072
262, 144 B
648
B
648
B
642
589, 824
1, 048, 576B
648
B
648
B
2562
2, 621, 440
Tabl e 4. 8: Bi de l t a Networ k Har dwar e Requi r ement s
Number of Latency of Connect Latency of Open
Processors Worst Case Best Case Worst Case Best Case
64 30ns 30ns 30ns 30ns
256 40ns 40ns 40ns 40ns
1, 024 70ns 70ns 80ns 80ns
4, 096 90ns 80ns 100ns 90ns
16, 384 110ns 90ns 120ns 100ns
65, 536 160ns 110ns 180ns 130ns
262, 144 210ns 120ns 230ns 140ns
1, 048, 576 310ns 130ns 330ns 150ns
Tabl e 4. 9: Bi de l t a Networ k Lat enci es
4. 5 Routi ng Stati sti cs
Us i ng t he s i mpl y pr obabi l i s t i c model s f or r out i ng anal ys i s devel oped i n [ Kni ght 90] ,
t hi s s ect i on pr ovi des s ome bas i c r out i ng s t at i s t i cs f or t he networ k t opol ogi es des cr i bed
her e . St at i s t i cs ar e pr ovi ded f or al l of t he congur at i ons det ai l ed i n t he pr evi ous s ect i on
Al l s t at i s t i cs s ummar i zed her e ar e bas ed on t he networ k model pr es ent ed i n Sect i on 1. 2.
Thi s means t hat each pr oces s or wi l l us e at mos t one of i t s t wo i nput s i nt o t o t he networ k
at a gi ven poi nt i n t i me. The pr obabi l i s t i c model s us ed t o der i ve t hes e s t at i s t i cs s i mpl y
char act er i ze r out i ng pr obabi l i t y i n t erms of networ k l oadi ng. The eect of i nput queui ng
at each s our ce i s not model ed.
Tr ac di s t r i but i on wi l l have a cons i der abl e eect on t he act ual per f ormance of any
of t hes e networ ks . The f at - t r ee s t r uct ur ed networ ks r equi r e cons i der abl e communi cat i on
l ocal i t y i n or der t o per f ormopt i mal l y. Each networ k i s cons i der ed wi t h t he l oadi ng di s t r i bu-
t i ons f or whi ch i t i s mos t f avor abl e . Al ong wi t h t he r out i ng s t at i s t i cs , t hi s s ect i on pr ovi de
66
char act er i zat i ons f or t he l ocal i t y r equi r ed by each networ k congur at i on t o achi eve near
opt i mal per f ormance.
4. 5. 1 Ful l Fat-Tree
Af ul l f at - t r ee networ k i s opt i mi zed t o t ake advant age of l ocal i t y. The act ual cons t r uc-
t i on and bandwi dt h al l ocat i on det ermi ne t he l ocal i t y char act er i s t i cs neces s ar y t o ut i l i ze t h
networ k mos t eect i ve l y. The opt i mal l oadi ng cas e occur s when each connect i on t hr ough an
RN1 r out i ng component i s equal l y l i ke l y t o be made t hr ough each of t he component ' s out -
put s . Wi t hi n a uni t t r ee s t r uct ur e , t hi s means t hat a connect i on i s equal l y l i ke l y t o cr os s over
at each l at er al cr os s over s t age . I n a uni t t r ee s t age ot her t han t he r oot , t he connect i on f ur -
t her up t he t r ee wi l l al s o be ut i l i zed wi t h equal l i ke l i hood as each l at er al cr os s over . Taki n
t hes e two cons i der at i ons t oget her , t he di s t r i but i on of connect i ons t hr ough each t r ee l eve l
i n t he s ame uni t t r ee i s r oughl y equal ; t he di s t r i but i on of connect i ons t hr ough uni t t r ee
s t ages dr ops o by a f act or of f our at each s ucces s i ve s t age t owar d t he r oot .
Ther e ar e two ways of l ooki ng at t he l ocal i t y di s t r i but i on. As des cr i bed, we can t hi nk
of t he di s t r i but i on i n t erms of t he pr obabi l i t y of r out i ng t hr ough a gi ven hei ght i n t he
f at - t r ee . Thi s i s t he pr obabi l i t y, P
any
(n) , t hat a pr oces s or wi l l need t o communi cat e wi t h
anypr oces s or a xed di s t ance , n, away f r omt he s our ce pr oces s or . The pr obabi l i t y t hat t he
pr oces s or wi l l need t o communi cat e wi t h a particular pr oces s or a xed di s t ance f ormt he
s our ce pr oces s or i s an al t er nat e way of vi ewi ng t hi s l ocal i t y. Thi s pr obabi l i t y, P
particul ar
(n) ,
i s s i mpl y t he pr evi ous l y ment i oned pr obabi l i t y normal i zed by t he number of pr oces s or t hat
ar e l ocat ed t he xed di s t ance away f r om t he s our ce pr oces s or . Tabl e 4. 10 t hr ough 4. 12
s ummar i zes t he l ocal i t y di s t r i but i ons as s umed f or t he f ul l f at - t r ees cons i der ed her e i n t erms
of t hes e l ocal i t y meas ur es .
Wi t h t hes e l ocal i t y model s , Fi gur es 4. 8 t hr ough 4. 10 s howt he r out i ng s t at i s t i cs on each
of t hes e f ul l f at - t r ees . Each gr aph i nc l udes a s epar at e cur ve f or t he r out i ng s t at i s t i c t hr oug
each l eve l of t he f at - t r ee . The t opmos t cur ve char act er i zes t he s t at i s t i cs f or a connect i on
t hr ough t he r s t l eve l of t he f at - t r ee . Succes s i ve cur ves down t he gr aph gi ve r out i ng s t at i s -
t i cs f or r out i ng t hr ough s ucces s i ve t r ee l eve l s ; t he bot t ommos t cur ve char act er i zes r out i ng
t hr ough t he t r ee r oot .
Fi gur e 4. 11 s hows t he normal i zed r out i ng pr obabi l i t i es f or t hes e t hr ee s i zes of f ul l f at
t r ees . The normal i zed s t at i s t i cs ar e r oughl y i dent i cal f or t he t hr ee s i zes , s o t he i ndi vi du
normal i zed cur ves ar e i ndi s t i ngui s habl e . The normal i zed pr obabi l i t i es gi ve an i dea of over al l
networ k per f ormance under t he as s umed l oadi ng condi t i ons . The normal i zed pr obabi l i t i es
ar e det ermi ned by wei ght i ng t he pr obabi l i t y of r out i ng t hr ough a gi ven t r ee l eve l by t he
pr obabi l i t y t hat a connect i on can s ucces s f ul l y be made t hr ough t hat t r ee l eve l as s umma-
r i zed i n Equat i ons 4. 43.
P
norm
=
max(n)
X
1
P
any
(n)  P
route
(n) ( 4:43)
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Fi gur e 4. 8: Rout i ng St at i s t i cs f or Ful l Fat - Tr ee ( 64 pr oces s or s )
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Fi gur e 4. 9: Rout i ng St at i s t i cs f or Ful l Fat - Tr ee ( 4096 pr oces s or s )
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Fi gur e 4. 10: Rout i ng St at i s t i cs f or Ful l Fat - Tr ee ( 262144 pr oces s or s )
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Fi gur e 4. 11: Normal i zed Rout i ng St at i s t i cs f or Ful l Fat - Tr ees
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n P
any
(n) P
particul ar
(n)
1 0. 333 0. 111
2 0. 333 2:78  10
 2
3 0. 333 6:94  10
 3
Tabl e 4. 10: Local l i t y St r uct ur e of Ful l Fat - Tr ees ( 64 Pr oces s or s )
n P
any
(n) P
particul ar
(n)
1 0. 278 9:27  10
 2
2 0. 278 2:32  10
 2
3 0. 278 5:79  10
 3
4 5:53  10
 2
2:88  10
 4
5 5:53  10
 2
7:20  10
 5
6 5:53  10
 2
1:80  10
 5
Tabl e 4. 11: Local l i t y St r uct ur e of Ful l Fat - Tr ees ( 4096 Pr oces s or s )
n P
any
(n) P
particul ar
(n)
1 0. 274 9:13  10
 2
2 0. 274 2:28  10
 2
3 0. 274 5:71  10
 3
4 3:17  10
 2
1:65  10
 4
5 3:17  10
 2
4:13  10
 5
6 3:17  10
 2
1:03  10
 5
7 1:06  10
 2
8:62  10
 7
8 1:06  10
 2
2:16  10
 7
9 1:06  10
 2
5:39  10
 8
Tabl e 4. 12: Local l i t y St r uct ur e of Ful l Fat - Tr ees ( 262144 Pr oces s or s )
4. 5. 2 Hybri d Fat-Tree
The hybr i d f at - t r ee al s o t akes advant age of l ocal i t y much l i ke t he f ul l f at - t r ee . Si nce
onl y one- quar t er of t he bandwi dt h out of t he r s t s t age connect s t o t he f at - t r ee s t r uct ur e ,
opt i mal per f ormance occur s when t hr ee- quar t er s of t he pr oces s or i ni t i at ed t r ac i s l ocal t o
t he bi de l t a l eaf c l us t er s . Wi t hi n t he l eaf , t he di s t r i but i on of t r ac i s uni f orm; t hat i s , i t
equal l y l i ke l y t o need t o connect t o any of t he pr oces s or s wi t hi n t he l eaf . For connect i ons
t hr ough t he t r ee , t he ar r angement i s i dent i cal t o t hat of a f ul l f at - t r ee s o t he di s t r i but i o
of r eques t s by t r ee l eve l wi l l pr ogr es s i n t he s ame manner . Tabl es 4. 13 and 4. 14 s ummar i ze
t he di s t r i but i ons as s umed f or t he hybr i d f at - t r ee networ k t r ac.
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n P
any
(n) P
particul ar
(n)
B
12
B
48
B
12
0 ( l eaf ) 0. 75 6:82  10
 2
1:60  10
 2
3:93  10
 3
1 8:33  10
 2
2:31  10
 3
5:78  10
 4
1:45  10
 4
2 8:33  10
 2
5:78  10
 4
1:45  10
 4
3:62  10
 5
3 8:33  10
 2
1:45  10
 4
3:62  10
 5
9:04  10
 6
Tabl e 4. 13: Local l i t y St r uct ur e of Hybr i d Fat - Tr ees ( Si ngl e Uni t Tr ee St age)
n P
any
(n) P
particul ar
(n)
B
12
B
48
B
12
0 ( l eaf ) 0. 75 6:82  10
 2
1:60  10
 2
3:93  10
 3
1 6:95  10
 2
1:93  10
 3
4:83  10
 4
1:21  10
 4
2 6:95  10
 2
4:83  10
 4
1:21  10
 4
3:02  10
 5
3 6:95  10
 2
1:21  10
 4
3:02  10
 5
7:54  10
 6
4 6:95  10
 2
3:02  10
 5
7:54  10
 6
1:89  10
 6
5 6:95  10
 2
7:54  10
 6
1:89  10
 6
4:71  10
 7
6 6:95  10
 2
1:89  10
 6
4:71  10
 7
1:18  10
 7
Tabl e 4. 14: Local l i t y St r uct ur e of Ful l Fat - Tr ees (Two Uni t Tr ee St ages )
Fi gur es 4. 12 t hr ough 4. 17 s howt he r out i ng s t at i s t i cs f or t he hybr i d f at - t r ees des cr i bed
i n Sect i on 4. 4. 2. The r s t t hr ee gr aphs ar e f or t he congur at i ons wi t h one s t age of uni t
t r ees , whi l e t he l at er t hr ee gr aphs ar e f or t he two t r ee s t age congur at i ons . The t opmos t
cur ve i n each gr aph r epr es ent s t he r out i ng pr obabi l i t i es wi t hi n t he bi de l t a c l us t er . Each
s ucces s i ve cur ve down a gr aph s hows r out i ng s t at i s t i cs f or connect i ng t hr ough a s ucces s i ve l y
hi gher l eve l i n t he t r ee s t r uct ur e .
Fi gur e 4. 18 s hows t he normal i zed r out i ng pr obabi l i t i es f or t hes e s i x hybr i d f at - t r ee
congur at i ons . The normal i zed s t at i s t i cs f or hybr i d f at - t r ees wi t h one or two uni t t r ee
s t ages coi nc i de as l ong as t he s i ze of t he i r bi de l t a l eaf c l us t er s i s i dent i cal ; t hat i s
normal i zed s t at i s t i cs di er onl y by t he s i ze of t he bi de l t a l eaf c l us t er . The t opmos t cur ve
s hows s t at i s t i cs f or hybr i d f at - t r ees us i ng B
12
bi del t a l eaves , t he mi ddl e f or B
48
bi del t a
l eaves , and t he bot t omf or B
192
l eaves .
4. 5. 3 Ful l Bi del ta
To a pr oces s or on a f ul l bi de l t a networ k, al l des t i nat i ons ar e equal l y di s t ant . The
r out i ng t o al l des t i nat i ons i s t opol ogi cal l y i dent i cal . The bi de l t a networ k wi l l pr ovi de i
bes t over al l per f ormance when mes s age t r ac i s uni f orml y di s t r i but ed acr os s al l pr oces s or s ;
t hat i s , i t s mos t f avor abl e l oadi ng condi t i on occur s when each s our ce wi l l open a connect i on
t o al l des t i nat i ons wi t h equal l i ke l i hood. Thi s at , r andomdi s t r i but i on of connect i ons i s
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Fi gur e 4. 12: Rout i ng St at i s t i cs f or Hybr i d Fat - Tr ee ( 768 pr oces s or s )
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Fi gur e 4. 13: Rout i ng St at i s t i cs f or Hybr i d Fat - Tr ee ( 3072 pr oces s or s )
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Fi gur e 4. 14: Rout i ng St at i s t i cs f or Hybr i d Fat - Tr ee ( 12288 pr oces s or s )
0.65
0.7
0.75
0.8
0.85
0.9
0.95
1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
*
*
*
*
*
*
*
*
*
*
o
o
o
o
o
o
o
o
o
o
x
x
x
x
x
x
x
x
x
x
+
+
+
+
+
+
+
+
+
+
Probability that a Source is Transmitting
Pr
ob
ab
ili
ty
 o
f S
uc
ce
ss
fu
l R
ou
te
Fi gur e 4. 15: Rout i ng St at i s t i cs f or Hybr i d Fat - Tr ee ( 49152 pr oces s or s )
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Fi gur e 4. 16: Rout i ng St at i s t i cs f or Hybr i d Fat - Tr ee ( 196608 pr oces s or s )
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Fi gur e 4. 17: Rout i ng St at i s t i cs f or Hybr i d Fat - Tr ee ( 786432 pr oces s or s )
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Fi gur e 4. 18: Normal i zed Rout i ng St at i s t i cs f or Hybr i d Fat - Tr ee
es s ent i al l y t he ext r eme cas e i n whi ch no l ocal i t y i s expl oi t ed. As t r ac devi at es f r om
t hi s at di s t r i but i on, t he per f ormance wi l l det er i or at e . Fi gur e 4. 19 s hows t he r out i ng
s t at i s t i cs f or t he bi de l t a networ ks des cr i bed i n Sect i on 4. 4. 3. The t opmos t cur ve i n t he
gur e cor r es ponds t o a 3 s t age , 64 pr oces s or , bi de l t a networ k. Each s ucces s i ve cur ve down
t he gr aph pl ot s s t at i s t i cs f or a networ k wi t h an addi t i onal s t age of r out i ng, maki ng t he
t ot al networ k s i ze a f act or of f our l ar ge . The bot t ommos t cur ve t hus cor r es ponds t o a 10
s t age networ k s uppor t i ng 1, 048, 576 pr oces s or s .
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5. Concl usi on
Chapt er s 2 and 3 pr es ent ed t he t opol ogy and cons t r uct i on det ai l s f or cons t r uct i ng f at -
t r ee s t yl e networ ks us i ng Tr ans i t t echnol ogy. Chapt er 4 t hen s ummar i zed many of t he
par amet er s and char act er i s t i cs i mpl i ed by t he networ k s t r uct ur e i n or der t o pr ovi de a bas i s
f or compar i s on wi t h ot her ar chi t ect ur es . Thi s chapt er s ummar i zes s ome of t he r equi r ement s
and cons equent s of t hes e f at - t r ee s t r uct ur es and i dent i es component s of t he des i gn whi ch
mi ght mer i t f ur t her s t udy.
5. 1 Routi ng Component Requi rements
The manner i n whi ch t he RN1 r out i ng component coul d be ut i l i zed as t he pr i mi t i ve
r out i ng e l ement i n networ k cons t r uct i on was al ways a pr i mar y cons i der at i on t hr oughout
t hi s wor k.
I n or der t o bui l d a maxi mal l y f aul t t ol er ant networ k s t r uct ur e , t wo pr oper t i es of t he
RN1 component wer e i dent i ed as cr i t i cal . The abi l i t y t o s epar at e l y congur e t he byt e
dr oppi ng char act er i s t i cs of each i nput por t was es t abl i s hed as neces s ar y f or opt i mal di s -
per s i on of connect i ons ( Sect i on 3. 1. 2 and 3. 3. 5) . The al t er nat e congur at i on of RN1 as an
i ndependent pai r of 4 4 cr os s bar s wi t h one out put i n each l ogi cal di r ect i on pr oved cr i t i cal
t o t he cons t r uct i on of a networ k r es i l i ent agai ns t s i ngl e component f ai l ur es . Thi s al s o hel ps
mi ni mi ze t he eect s of each component f ai l ur e ( Sect i on 2. 1. 2 and 3. 3. 4) .
For t hi s networ k s t r uct ur e t he onl y f unct i onal i t y t hat i s l acki ng f r omt he cur r ent RN1
des i gn i s t he abi l i t y t o deal wi t h r ound t r i p del ays on l ong wi r es ( Sect i on 3. 6) . Thi s abi l i t y
t ur ns out t o be neces s ar y f or opt i mal per f ormance when bui l di ng any networ ks of t hes e s i zes
r egar dl es s of whet her t he networ k i s ar r anged as a bi de l t a or f at - t r ee networ k ( Sect i on 3. 6
and 4. 2) . Sect i on 3. 6 des cr i bes a s cheme f or r ect i f yi ng t hi s deci ency i n f ut ur e r evi s i ons o
RN1.
5. 2 Characteri st i cs
The networ k des i gn pr es ent ed over comes t he pot ent i al pr obl ems i dent i ed i n Sect i on 1. 1
due t o networ k s i ze , decompos i t i on, and t opol ogy. Anumber of i nt er es t i ng s t r uct ur es wer e
devel oped t o s urmount t hes e pr obl ems . The r es ul t i s a f at - t r ee networ k s t r uct ur e t hat has
a number of des i r abl e pr oper t i es .
5. 2. 1 Constructabl e
An over r i di ng concer n i n t he devel opment of t he phys i cal networ k s t r uct ur e was es t ab-
l i s hi ng a des i gn whi ch coul d be phys i cal l y r eal i zed i n t he r eal wor l d. At t ent i on was pai d
t o t he r eal wor l d cons t r ai nt s pos ed by t echnol ogy l i mi t at i ons . Al s o, s ome car e was t aken
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t o mi ni mi ze t he cons t r uct i on compl exi t y. The i nt ent was t o des i gn a s t r uct ur e whi ch coul d
r eal i s t i cal l y be f abr i cat ed wi t hi n t he next f ew year s wi t hout r e l yi ng on any t echnol ogi cal
br eakt hr oughs . At t he s ame t i me, at t ent i on was pai d t o t echnol ogy t r ends s o t hat t he
ar chi t ect ur e i t s e l f woul d s t i l l pr ove val uabl e wi t h i mpr oved t echnol ogi cal capabi l i t i es .
The uni t t r ee s t r uct ur es ( Sect i on 3. 3) pr ovi de a power f ul component f or deal i ng wi t h
t echnol ogi cal s i ze l i mi t at i ons . They pr ovi de a decompos i t i on of t he l ar ge networ k i nt o
component s t hat can be r e l i abl y f abr i cat ed. The uni t t r ee al s o s er ves as a bui l di ng bl ock,
l i mi t i ng des i gn compl exi t y. Si nce each uni t t r ee i s vi r t ual l y i dent i cal , t he compl exi t y o
congur i ng a networ k i s r educed t o t hat of congur i ng a coupl e of uni t t r ees and t hen
i nt er - connect i ng uni t t r ees accor di ngl y.
The hol l owcube geomet r y ( Sect i on 3. 4. 3) pr ovi des a s i mpl e and s t r ai ght f orwar d manner
i n whi ch t o ar r ange uni t t r ees . I t s s t r uct ur e r eect s t he nat ur al gr owt h char act er i s t i cs of
t he f at - t r ees cons t r uct ed wi t h uni t t r ees . Wi t h car ef ul des i gn ( Sect i on 3. 5) , t he hol l owcube
s t r uct ur es can pr ovi de a f r amewor k f or t he i nt er connect i on of uni t t r ees ; i n t hi s manner ,
t hey wi l l s i gni cant l y s i mpl i f y t he compl exi t y of congur i ng and mai nt ai ni ng uni t t r ee
i nt er connect i ons .
5. 2. 2 Faul t Tol erance
Ut i l i z i ng t he pr oper t i es of RN1 and j udi c i ous wi r i ng pat t er ns , t he f at - t r ee networ k wi l l
be r eas onabl y f aul t t ol er ant . Al l t he f at - t r ee s t r uct ur es des cr i bed ar e r es i l i ent agai ns t s i n
component f ai l ur es ( Sect i ons 2. 1. 2 and 3. 3. 4) . Wi t h t he r edundant pat hs t hr ough t he net -
wor k, t he eect s of any component f ai l ur es ar e mi ni mi zed. Sect i ons 2. 1. 1 and 2. 3 pr es ent ed
cons t r ai nt s on wi r i ng t o maxi mi ze t he f aul t t ol er ance of t hes e networ ks . Addi t i onal l y, t he
acces s i bi l i t y aor ded by t he hol l owcube s t r uct ur e wi l l al l owf aul t s t o be r epai r ed whi l e t he
networ k i s i n oper at i on ( Sect i on 3. 5. 4) .
5. 2. 3 Cheap Routi ng
The networ k i s s t r uct ur ed t o make r out i ng on t he f at - t r ee bot h concept ual l y and pr ac-
t i cal l y s i mpl e . Thi s al l ows r out i ng t o be per f ormed cheapl y as des cr i bed i n Sect i on 3. 8.
5. 2. 4 Perf ormance
The r es ul t i ng f at - t r ee bas ed networ ks at t empt t o mi ni mi ze t he l at ency of t he i nt er con-
nect whi l e maxi mi z i ng t he pr obabi l i t y of per f ormi ng a s ucces s f ul r out e .
Lat ency i s i mpr oved over a nai ve appr oach i n a number of ways . Rout i ng on t he upwar d
t r ee pat h ( Sect i on 2. 2. 4) r educes by a f act or of t hr ee t he number of s t ages of r out i ng i ncur r ed
whi l e t r avel i ng up t he t r ee . Ut i l i z i ng t he RN1 component , whi ch i s a cons t ant s i zed swi t ch,
keeps t he r out i ng del ay at each s t age cons t ant at t he cos t of i ncompl et e concent r at i on
( Sect i on 2. 2. 4) . Maki ng t he r out i ng c l ock cycl e i ns ens i t i ve t o t he s i gnal de l ays i ncur r ed
whi l e cr os s i ng l ong wi r es , al l ows f as t pi pe l i ni ng of dat a t r ansmi s s i ons ; a l ong wi r e onl y
aect t he l at ency of a connect i on whi ch act ual l y t r aver s es i t ( Sect i on 3. 6) .
When bui l di ng networ ks of t he magni t ude des cr i bed her e , i t i s c l ear t hat l ocal i t y wi l l
be neces s ar y t o obt ai n r eas onabl e per f ormance. The f at - t r ees cons t r uct ed f r omuni t t r ees
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have a nat ur al ar chi t ect ur al l ocal i t y r es ul t i ng f r omt he al l ocat i on of har dwar e . Thi s nat -
ur al l ocal i t y i s s ummar i zed f or f ul l f at - t r ees i n Sect i on 4. 5. 1 and f or hybr i d f at - t r ees
Sect i on 4. 5. 2. Knowi ng t hi s opt i mal l eve l of l ocal i t y may pr ove us ef ul i n des i gni ng par al l e l
al gor i t hms and s of twar e f or l ar ge s ys t ems . Wi t h pr oper l ocal i t y, t he r out i ng s t at i s t i cs f or
t hes e f at - t r ee s t r uct ur es i s r eas onabl e ; t he pr obabi l i t y of obt ai ni ng a s ucces s f ul r out e i n
f ul l y l oaded networ k i s i n t he 70%t o 80%r ange even f or networ ks wi t h t hr ee- quar t er s of a
mi l l i on pr oces s or s ( Sect i ons 4. 5. 1 and 4. 5. 2) .
5. 3 Future
I have at t empt ed t o devel op t he cons t r uct i on of t hes e f at - t r ee s t r uct ur es i n r eas onabl e
det ai l . Suci ent det ai l was pr ovi ded t o demons t r at e t he f eas i bi l i t y of s uch networ ks . Al s o,
t hi s devel opment gi ves enough i nf ormat i on about t he s t r uct ur e t hat good es t i mat es of
cr i t i cal par amet er s s uch as har dwar e r equi r ement s and per f ormance can be obt ai ned. Thi s
devel opment , however , i s by no means deni t i ve . Anumber of i s s ues ar e open f or f ur t her
s t udy and opt i mi zat i on whi l e a f ew i s s ues r equi r e addi t i onal s pec i cat i on.
5. 3. 1 Routi ng Stat i st i c Model i ng
The r out i ng s t at i s t i cs pr ovi ded i n Sect i on 4. 5 model t he pr obabi l i t y of s ucces s f ul l y
ndi ng a r out e t hr ough t he networ k as a f unct i on of networ k l oadi ng. As s uch, i t does
not t ake i nt o account t he manner i n whi ch t he networ k wi l l normal l y us ed; i n gener al ,
when a mes s age f ai l s t o get r out ed, t he pr oces s or wi l l r es end i t l at er . Thi s wi l l have a
f eedback eect on t he networ k l oadi ng. I n or der t o s ee networ k per f ormance under t hi s
mor e r eal i s t i c model of networ k t r ac, a mor e det ai l ed s t at i s t i cal model mus t be ut i l i zed
whi ch t akes i nput queui ng i nt o account . Addi t i onal l y, t hi s anal ys i s woul d pr ovi de a means
f or es t i mat i ng t he amount of t i me r equi r ed, on aver age, i n or der t o acqui r e a compl et e
connect i on t hr ough t he networ k.
5. 3. 2 Si mul at i ons
As a compl ement t o s t at i s t i cal model i ng, i t wi l l be enl i ght eni ng t o s i mul at e t hi s net -
wor k s t r uct ur e . Thi s wi l l pr ovi de a good means of checki ng t he val i di t y of t he s t at i s t i cal
as s umpt i ons under var i ous l oadi ng condi t i ons .
5. 3. 3 Interconnect i on Detai l s
Sect i on 2. 3 pr ovi ded a number of cons t r ai nt s neces s ar y t o obt ai n good per f ormance.
As ment i oned t her e , i t i s uncl ear whet her or not t he expans i on pr oper t i es pr opos ed by
Lei ght on and Maggs s houl d be us ed t o f ur t her di ct at e t he det ai l s of i nt er connect i on wi r i ng.
Once we have f unct i onal s i mul at i ons , we s houl d be abl e t o es t abl i s h t he i mpor t ance of t hes e
cons t r ai nt s . Once t hi s i s known, det ai l ed wi r i ng pat t er ns mus t be devel oped f or t he uni t
t r ee s t r uct ur es .
The wi r i ng between s t ack s t ages mer i t s addi t i onal at t ent i on and det ai l . I f opt i cal i nt er -
connect i on i s t o act ual l y be us ed, addi t i onal s t udy on t he i nt egr at i on of t hi s t echnol ogy wi l l
79
be r equi r ed. Addi t i onal wor k on s chemes f or adapt i ve al i gnment wi l l be a vi r t ual neces s i t y
i n or der t o ut i l i ze f r ee- s pace i nt er connect i on on t hi s s cal e . For maxi mal eci ency, cus t om
component s may need t o be des i gned and f abr i cat ed f or t hi s pur pos e .
5. 3. 4 Geometry
As s t at ed i n Sect i on 3. 4. 6, t he hol l owcube geomet r y i s not known t o be opt i mal . I t s pos -
s i bl e f ut ur e s t udy may pr oduce a geomet r y t hat pr ovi des s hor t er i nt er connect i on di s t ances
f or t he bas i c networ k s t r uct ur e des cr i bed whi l e r et ai ni ng t he pr oper t i es of mai nt ai nabi l i t y
and cons t r uct i bi l i t y.
5. 3. 5 Packet Swi tchi ng
The bas i c Tr ans i t networ ki ng s cheme i s c i r cui t swi t ched. Ci r cui t swi t chi ng i s us ed t o
mi ni mi ze t he l at ency i nher ent i n get t i ng a r es pons e f r oma r emot e pr oces s or on t he networ k.
Us i ng ci r cui t swi t chi ng, no buer i ng i s needed wi t hi n t he networ k. Thi s avoi ds pr obl ems
due t o i nt er nal buer over owor networ k conges t i on by bl ocked packet s .
For l ar ge networ ks wher e t he l at ency f r om one end of t he networ k t o t he ot her i s
gr eat er t han t he t i me r equi r ed t o t r ansmi t t he s t andar d quant a of dat a, c i r cui t swi t chi ng
may i neci ent l y ut i l i ze networ k bandwi dt h. I f s uch i s t he cas e , i t mi ght be wor t hwhi l e t o
cons i der packet r out i ng s chemes . The bas i c f at - t r ee s t r uct ur e and i nt er connect des cr i bed
her e woul d be appl i cabl e t o a packet swi t ched networ k s cheme. The di er ence t hat ar i s e
woul d occur i n t he r out i ng pr ot ocol and pol i c i es . Al mos t al l of t hes e di er ences woul d t hus
be l i mi t ed t o t he des i gn of t he cache- cont r ol l er and r out i ng component .
5. 3. 6 Construct Prototypes
Cer t ai nl y, t he mos t deni t i ve way t o eval uat e t he wor t h of t hi s f at - t r ee networ k s t r uc-
t ur e i s t o act ual l y cons t r uct pr ot ot ypes . The cons t r uct i on exer c i s e wi l l guar ant ee t hat no
es s ent i al cons t r uct i on det ai l s ar e over l ooked. Such cons t r uct i on wi l l , no doubt , uncover
i s s ues and pr obl ems not yet cons i der ed.
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